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James M. Murray

THREE ESSAYS IN ADAPTIVE EXPECTATIONS IN NEW KEYNESIAN
MONETARY ECONOMIES

Abstract: This dissertation explores the empirical significance of least squares learn-
ing in estimated New Keynesian monetary models with U.S. data. Specifically, the
papers set out to determine what impact learning has on dynamics of output, con-
sumption, investment, inflation and monetary policy, and whether learning can ex-
plain empirical puzzles in the monetary literature such as the Great Moderation.
In the first dissertation paper, a standard New Keynesian model is estimated with
constant gain learning with three specifications for how agents’ expectations are ini-
tialized. The results indicate differences in the model’s prediction depending on the
type of initial expectations, but the learning models do not significantly explain the
data better than rational expectations. The second paper examines an extension of
the model that allows for firm-specific capital accumulation. The results show that
learning can lead to very different predictions for the impacts of structural shocks,
depending on the choice for agents’ initial beliefs. Again, constant gain learning is
shown to not explain the Great Moderation any better than rational expectations.
The final paper examines an extension to the learning process, where the learning
gain changes endogenously with agents forecast errors. This learning framework is
estimated jointly with a regime-switching volatility mechanism to determine if dy-
namic gain learning can lead to lower estimates for exogenously changing volatility.
The results show, rather, that learning gain dynamics are quite small and are again

not capable of explaining time-varying macroeconomic volatility.
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Chapter 1

Initial Expectations in New

Keynesian Models with Learning

Abstract: This paper examines how the estimation results for a standard New Key-
nesian model with constant gain least squares learning is sensitive to the stance taken
on agents’ beliefs at the beginning of the sample. The New Keynesian model is esti-
mated under rational expectations and under learning with three different frameworks
for how expectations are set at the beginning of the sample. The results show that
initial beliefs can have an impact on the predictions of an estimated model; in fact
previous literature has exposed this sensitivity to explain the changing volatilities of
output and inflation in the post-war United States. The results indicate statistical ev-
idence for adaptive learning, however the rational expectations framework performs
at least as well as the learning frameworks, if not better, in in-sample and out-of-
sample forecast error criteria. Moreover, learning is not found to better explain time
varying macroeconomic volatility any better than rational expectations. Finally, im-
pulse response functions from the estimated models show that the dynamics following
a structural shock can depend crucially on how expectations are initialized and what

information agents are assumed to have.



1.1 Introduction

Recently there has been a growing amount of literature concerning the effects of least
squares learning, a type of adaptive expectations mechanism, on empirical puzzles
encountered in monetary economics. Least squares learning is an expectations frame-
work where agents in a model do not know the parameters that govern the economy
and therefore form expectations by collecting past data and computing forecasts from
least squares estimation results. Orphanides and Williams (2005b) show with a sim-
ple calibrated model and simulated impulse response functions that such a learning
framework can cause prolonged periods of inflation, that would not occur under ra-
tional expectations, following an inflation shock. Learning has also been suggested to
be responsible for the slowdown in macroeconomic volatility since the middle 1980s,
a phenomenon commonly referred to as the Great Moderation. For example, Or-
phanides and Williams (2005a) suggest in another paper that the monetary authority
forms their expectations by learning and was under-estimating the natural rate of
unemployment during the 1970s, causing an incorrect prescription for expansionary
monetary policy. Primiceri (2006) takes this argument further and suggests that over
the course of the 1970s and early 1980s the monetary authority gradually gained pre-
cision in their estimates, causing policy prescription to correctly adjust to stabilize
output and inflation.

Milani (2007) has suggested that learning can better explain persistence in output
and inflation in the context of a New Keynesian model better than traditional means
of modeling persistence such as habit formation and inflation indexation. Milani also
estimates the size of the constant learning gain, the parameter responsible for the
degree to which expectations evolve, and finds that expectations are adaptive over a
post-war sample period.

The results in Milani (2007) and Primiceri (2006) depend on calibrated values
for expectations at the beginning of the sample. Moreover, the dynamics predicted
by learning can be influenced by the assumptions regarding agents information sets.

The purpose of this paper is to examine the role constant gain learning, a specific



type of least squares learning, has on the predictions of an estimated standard New
Keynesian model. Moreover, this paper carefully considers different frameworks for
how initial expectations are specified and what information agents are able to collect
to form their forecasts. Through examining forecast errors, rational expectations is
shown to explain the data nearly as well, if not better, than the various learning
frameworks. Even so, the estimates for the learning gain indicate statistical evidence
for adaptive expectations. Impulse response functions are examined to determine the
effects the various learning frameworks have on the dynamics of the model following
a structural shock. The results indicate that the impulse response functions can vary
depending on the assumptions for agents’ information sets and initial expectations.
Moreover, the findings indicate that learning can lead to some prolonged effects in
output and inflation following a structural shock.

The results do not confirm, however, previous literature that suggests learning
can explain periods of excessive volatility in inflation and output followed by the
subsequent decline in volatility. Evolution of the forecast errors over the sample
indicate the rational expectations model and learning models all make similar errors,
and all models make the largest errors during the 1970s and early 1980s when inflation
and output were especially volatile.

The next section describes the basic setup of the New Keynesian model. Section
3 describes the learning procedure and how learning is incorporated into a standard
linear dynamic stochastic general equilibrium (DGSE) model. Section 4 describes
the estimation procedure and the issues involved in initializing expectations and de-
termining agents’ information sets. Section 5 presents the results, and Section 6

concludes.

1.2 Model

Learning is examined within the context of a standard New Keynesian model. The
New Keynesian model is one of the most commonly used models in monetary eco-

nomics as it provides a convenient framework to examine theoretical and empirical

3



issues for monetary policy and inflation and output determination. This section de-
scribes the set-up and log-linearization of the rational expectations model. In the
next section the rational expectations are replaced by expectations under learning.

The model consists of three sectors that describe consumer behavior, producer
behavior under imperfectly flexible prices, and monetary policy. The first sector is
an equation or system of equations that describes optimal consumer behavior. When
this sector can be conveniently written in one equation, this is often called the “IS
equation”. The second sector is a single equation, referred to as the Phillips curve,
that describes optimal producer behavior when firms are subject to a pricing friction.
The final sector is the monetary authority, which is usually assumed to follow a simple
nominal interest rate rule. The sectors jointly determine the dynamics of the output
gap (the percentage difference between real GDP and potential GDP), the inflation

rate, and the nominal interest rate.

1.2.1 Consumers

There are a continuum of consumer types and a continuum of intermediate good
producers, each on the unit interval. Each consumer type has a specific type of labor
skill that can only be hired by a corresponding intermediate good firm. It is assumed
that there many consumers of each type so that no consumer has market power over
their wage. Moreover, it is assumed that there are the same number of consumers
in each type, so that the output levels of intermediate goods do not depend on the
distribution of consumer types. Different intermediate goods firms may pay different
wages, so labor income may be different for each consumer type. To simplify the
model, it is further assumed that there is a perfect asset market so despite differences
in labor income, all consumers choose the same level of consumption.

Each consumer of type i € (0,1) chooses consumption, ¢;, labor supply, n.(i), and

!This is perhaps the most common way to incorporate learning into dynamic macroeconomic
models. However, as Marcet and Sargent (1989) point out and Preston (2005) further demonstrates,
this method is not consistent with learning in the microfoundations of the model because the least
squares expectations operator does not follow the law of iterated expectations, a property that is
assumed when solving the model.



purchases of real government bonds, b,(7), to maximize lifetime utility,

s 1 1 1 el
Eo > B |—& (e —meen)' ™7 — —— (i) | (1.1)
= 11— 1+ m
subject to the budget constraint,
et bi(i) = Ty Oy - (1.2)
t t 1 +7Tt t— pt t t t- .

where & is an aggregate preference shock, w,(i)/p; is the real wage paid to type i
labor; II; is the total value of profits consumers earn by owning stock in firms, and
7y is the real value of lump sum taxes. The preference parameters are the intertem-
poral elasticity of substitution, denoted by ¢ € (0, 00); the elasticity of labor supply,
denoted by u € (0,00); and the degree of habit formation, denoted by n € [0, 1).

When the degree of habit formation is greater than zero, consumers’ utility from
current consumption depends on their previous level of consumption. Habit forma-
tion introduces persistence in consumption, and therefore output. Significant output
persistence is commonly found in empirical studies of DSGE models. For example,
Smets and Wouters (2005) find point estimates of habit formation close to unity. Fur-
thermore, Fuhrer (2000) finds that habit formation leads to “hump-shaped” impulse
response functions, a characteristic commonly supported by U.S. and European data.
Milani (2007) finds a significant degree of habit formation, but only under rational
expectations. When estimating the model with constant gain learning, he finds an
estimate for the degree of habit formation close to zero.

Log-linearizing consumers’ first order conditions leads to the following log-linear
Euler equation,

5‘1& = EtXt+1 -+ 7215 — Et7Tt+1, (13)

where )\, is the percentage deviation from the steady state of the Lagrange multi-
plier on the budget constraint, (1.2), and is therefore interpreted as the marginal

utility of real income. A hat indicates the percentage deviation of a variable from its



steady state.? Utility maximization leads to the following log-linear marginal utility

of income,
~ 1 . R A . R
At = ) [ﬁnO'EtCt—l-l —o(1+ 5772)015 + (T??Ct_l} + (& - ﬁnEtftH) . (1.4)

The marginal utility of income, (1.4), and the Euler equation, (1.3), make up the IS

sector of the model.

1.2.2 Producers

There is one final good used for consumption which is sold in a perfectly competi-
tive market and produced with a continuum of intermediate goods according to the

production function,
L e o
Yy = {/0 Y (i) dz} , (1.5)

where gy, is the output of the final good, y,(7) is the output of intermediate good i,
and 6 € (1,00) is the elasticity of substitution in production. Profit maximization

leads to the following demand for each intermediate good,

y(i) = [pt@] X Yt (1.6)

P

where p;(7) is the price of intermediate good i and p; is the price of the final good.
Substituting equation (1.6) into equation (1.5) leads to the following expression for

the price of the final good in terms of the prices of intermediate goods,

1

Pt = [/Olpt(i)l_edi] o (1.7)

Each intermediate good is sold in a monopolistically competitive market and is
produced according to the production function, y,(i) = zmn.(i), where z is an ag-

gregate technology shock. It can be shown that intermediate goods firms’ optimal

2A hat is omitted from 7, because it is necessary to assume the steady state level of inflation is
equal to zero when deriving the log-linear supply relationship.



choices for labor demand and labor market clearing leads to the following aggregate

log-linear marginal cost,
. 1. - 1 .
th = Y — )\t - ( + 1) Zt. (18)
H H

Firm’s pricing conditions are subject to the Calvo (1983) pricing friction, where
only a constant fraction of firms are able to re-optimize their price in a given pe-
riod. The firms that are able to re-optimize their price is randomly determined,
completely independently of firms’ prices or any other characteristics or history. I
suppose that firms who are not able to re-optimize their price do adjust their price
by a fraction, v € [0, 1), of the previous period’s inflation rate. A positive degree of
price indexation introduces a source of persistence in inflation which is often found to
be statistically significant when estimating New Keynesian models (see for example,
Smets and Wouters (2003), (2003), (2007), and Milani (2007)).

Let w € (0,1) denote the fraction of firms that are not able to re-optimize their
prices every period. Since these firms are randomly determined, w” is the probability
that a firm will not be able to re-optimize its price for T consecutive periods. A
firm who is able to re-optimize chooses its price to maximize the following present
discounted utility value of profits earned while the firm is unable to re-optimize its

price again:

. T Ay pt(i)ﬁz;-T
B Z (wﬁ) At {( Peyr

T=0

@) = ]}, (19)

where W [y, (7)] is the real total cost function of producing y;, (i) units, given the
optimal decision for labor, and 7}, = H]Tﬂ(l +m4j—1) is degree to which the firm’s
price is able to adjust according to inflation indexation. It can be shown that the

first order condition for p;(i) combined with the final good price index, equation (1.7),



leads to the log-linear Phillips equation,?

1 pd —w)(1 —wpd) 5
11 ﬁ’y YTe—1 + ﬁEtTﬁH_l + W(M T 9> ¢t . (110)

Tt =

1.2.3 Fully Flexible Prices

The IS equations and Phillips equations can be re-written in terms of the difference
from the outcome under fully flexible prices. This allows the model to be taken to
data on the output gap, the percentage deviation of real GDP from real potential
GDP, as measured by the Congressional Budget office.

Let 4, = 9 — Qtf and A\, = \ — 5\{ denote the percentage deviation of output
and marginal utility from their fully flexible price outcomes, where a superscript f
denotes the outcome under fully flexible prices. Under flexible prices the linearized
Euler equation, (1.3), and marginal utility of income, (1.4), still hold. Using these
conditions and imposing goods market clearing that consumption is equal to output
implies,

N = E M1 + 7 — Eymq — 10, (1.11)

\ = 1 7] _ 2\~ ~
Ap = =31 —n) [ﬁnaEtytH o(1+4 Bn")g: + Jnyt_l} , (1.12)

where 7} is the percentage deviation of the natural interest rate from its steady state.

The “natural interest rate” is the interest rate that would occur under fully flexible

prices. I suppose that 7} follows the stochastic exogenous process,

Y = paTisy t+ €ng, (1.13)

where €, is an independently and identically distributed shock.
When prices are fully flexible, it can be shown that intermediate goods firms will
all choose the same price in a given period, and the marginal cost of production is

constant, and therefore always will be equal to its steady state value. Under fully

31t is assumed during the log-linearization that there is a steady state for the price level, which
implicitly assumes the steady state level of inflation is equal to zero.



flexible prices, equation (1.8) implies,

- 1 < 1
it =2l =3 - (5 +1) s

1
One can solve this equation for Z; and substitute it back into the equation for marginal
cost, (1.8). Plugging this expression for marginal cost into equation (1.10) yields the
following Phillips curve in terms of the output gap,

1 1-w(d—-wf) .
1+ 6y Y1 + BEym + (i +0) (Je — pe)

Ty =

While this expression for the Phillips curve is not subject to a structural shock, when
estimating the model by maximum likelihood it is convenient to have a shock here
to avoid the problem of stochastic singularity. The Phillips curve is amended with a

“cost-push” shock so the form that is estimated is given by,

Ty = [")/ﬂ'tfl + ﬁEtﬂ'tJrl + /‘i(:ljt — ,U/S\t) + Ut} , (114)

1+ By
where k is the reduced form coefficient on the marginal cost and u, is an exogenous
cost-push shock that evolves according to,

Up = Pulli—1 + €ut, (1.15)

where €, is an independently and identically distributed shock.

1.2.4 Monetary Policy

The nominal interest rate is determined jointly with output and inflation by monetary
policy. In this paper I assume the monetary authority follows a Taylor (1993) type
rule where the interest rate is set in response to expected output and inflation, with

a preference for interest rate smoothing, according to,

Ty = prfi—1 + (L= pp) (UnByms + 0y Eifigr) + €y (1.16)

9



where p, € [0,1) is the degree of exogenous interest rate persistence, 1, € (0,00) is
the degree to which monetary policy responds to expectations of future inflation above
the steady state level of inflation, v, € (0, 00) is the degree to which monetary policy
responds to the expected output gap, and €,; is an independently and identically

distributed exogenous monetary policy shock with mean zero and variance given by

2
e

o

Alternative policy rules may replace expected inflation and output with current
or lagged realizations. For example, McCallum (1997) argues that a policy rule that
depends on current realizations of output and inflation does not accurately depict
actual information available to central banks when monetary policy decisions are
made, since it takes about a full quarter to produce actual data on real GDP and
price levels. He argues that the monetary policy rule should instead be expressed as
a function of past data. The Taylor rule in (1.16) is subject to this criticism under

rational expectations, but it is shown in the next section that when agents learn,

expectations of future variables are completely functions of past data.

1.2.5 Complete Model

The complete linear New Keynesian model is represented by “IS relationship”, given
in equations (1.12) and (1.11); the Phillips curve in equation (1.14), and the Taylor
rule in equation (1.16). These equations determine the dynamics of the output gap
(7), the marginal utility of income gap (), the inflation rate (), and the interest
rate (7;). The model is subject to three structural shocks: the natural rate shock,
which has an autoregressive evolution given in equation (1.13); the cost push shock,

whose evolution is given in equation (1.15), and the monetary policy shock.

1.3 Learning

The log-linearized model in the previous section can be expressed in the form,

Qoﬂft = letfl + QQE::EtJrl + \IIUt (117)
10



Vs = AUt_l + €&, (118)

where z, = [+ A ™ 7], v) = [} w €], and E; denotes possibly non-rational

expectations. Under rational expectations, the solution of the model has the form,
T = Gxt—l ‘I— Hvt, (119)

where the elements of the matrices G and H are a function of the parameters of
the model and may be determined by the method of undetermined coefficients. Un-
der rational expectations, agents know the parameters of the model and form the
expectation,

Exy = Gry + HE 4.

Under learning, agents do not know the parameters of the model that make up the
elements of matrices G and H. Instead, agents form expectations by estimating
a linear model and using this model to make forecasts for x;.;. It is popular to
assume that agents know the structure of the reduced form in equation (1.19), then
collect data to and estimate G and H by least squares. This method is employed
in this paper, but there are five important questions to consider concerning agents

information sets:
1. What are the most recent observations agents have in their datasets?
2. Do agents collect data on structural shocks?
3. If so, what are the most recent observations for structural shocks?
4. Do agents estimate a constant term?

5. Do agents include as explanatory variables those associated with a column of

zeros in G7

I assume agents can only collect data for variables in z; up through the previous
period. This is both a realistic and greatly simplifying assumption. While current

information about interest rates are available in real life, data such as real GDP
11



and price level released by statistical agencies such as the Bureau of Labor Statistics
is typically available only months after the fact. Assuming agents have only past
data greatly simplifies solving the model since x; depends on agents’ expectations.
Under learning, expectations are equal to least squares forecasts, which is a non-
linear function of the data agents use. Assuming z; is not part of this data avoids
the problem of solving a complex, non-linear model.

This paper explores both answers to the second question on whether data on
structural shocks are available to agents. Since such data is not directly observable
to an econometrician, it is quite realistic to suppose agents cannot observe this data
either. When agents only have data on x;, they form estimates for the coefficient
matrix G and simply ignore the term with the structural shocks (this is appropriate
since the unconditional expectation for v; is equal to zero).

One of the goals of this paper is to identify the impact of learning on the pre-
dictions of an estimated New Keynesian model. Under rational expectations agents
know current period shocks, so to isolate the effects of learning from the effects of
simply assuming a more limited information set I also examine the case when agents
do have data on the current period structural shocks. Since structural shocks are
exogenous, there are no non-linearity issues in assuming agents have current period
shocks. Moreover, equation (1.19) shows that under rational expectations, assuming
that agents can observe current period z; is equivalent to assuming agents have data
up to the previous period for the state vector and data up to the current period for
the structural shocks. Therefore letting agents have access to data on current period
shocks leads to the exact same information set under learning as rational expectations.

There is no constant term in the general form of the model, given in equation
(1.17), or in the rational expectations solution of the model, equation (1.19), since all
the variables in the New Keynesian model are expressed in percentage deviations from
either the steady state or the flexible price outcome. However, when agents learn,
they are not endowed with the values of the parameters that govern the economy,
so it is unreasonable to suppose agents know the steady state of the economy. A
constant term is augmented to agents regressions to capture this lack of knowledge.

12



Agents estimate the system,
Ty =g+ Griy + Huy,
or in the case when structural shocks are not observable,
=9+ Griq.

Finally, I assume that agents exclude from their datasets the variables in x; that
correspond with a column of zeros in the rational expectations solution for G. In terms
of the New Keynesian model, the only variable that agents exclude is the marginal
utility of income, A;. The marginal utility of income does not include any predictive
power that the output gap does not, so agents exclude this from their explanatory
variables in their regression. Agents do still forecast the marginal utility of income in
order to make optimal consumption decisions according to the Euler equation, (1.11).

Let ®; denote the time t estimate of the all the coefficients to be estimated in
the learning process. These coefficients include a vector of constants, the non-zero
columns in GG, and all the columns in H in the case where shocks are used as explana-
tory variables. Let Y; denote the time ¢ dependent variables used in the learning
process. Since time t data is not available to agents, Y; = z;_;. Let X; denote the
vector of time t explanatory variables. If agents include the stochastic shocks in their
explanatory variables, X| = [1 x}_, v;_,], otherwise X| = [1 z}_,]. If agents use OLS

they form the estimate,

1 ¢ - 1 <
T T=2

—2
The OLS estimate ®, can be rewritten into the convenient recursive form:

(I)t = ®t71 + gt(Kt — (I)tlet)Xt/Rtil, (121)

Ry =Ri1+ g(Xi X, — Ri_1), (1.22)

13



where g; = 1/(t — 1) is the learning gain.? The recursive form demonstrates precisely
how expectations are adaptive. Agents take the previous period’s estimates, &, ;
and R; 1, and correct them according to the residual between the previous period’s
forecast and the new observation. The amount of the correction depends on the
learning gain. The larger is the learning gain, the more expectations respond to the
latest forecast error. With OLS and infinite memory, the learning gain approaches
zero as time approaches infinity, so the effect new observations have on updating the
beliefs of ® and R diminish as the number of observations already in the sample
approaches infinity.

This paper instead examines the effects of constant gain learning, where the learn-
ing gain is assumed constant over time so that g, = ¢g. This type of expectations for-
mation is appealing because unlike OLS, it allows learning to explain macroeconomic
dynamics in the long run. This is a popular framework in the learning literature and
is the same type of learning that Orphanides and Williams (2005b) use to explain
inflation scares, Primiceri (2006) uses to explain inflation volatility in the 1970s, and
Milani (2007) uses to explain macroeconomic persistence.

Constant gain learning is equivalent to estimation by weighed least squares, where
the most weight is given to the most recent observation and the weights decline
geometrically with age. This is a convenient framework to examine expectations when
agents believe structural changes are possible. Agents do not have any information as
to what types of structural changes are possible, or with what probabilities. Rather,
they have constant suspicion that the way the economy operates may have changed,
so most recent observations are given the most weight. It has also been suggested, for
example by Evans and Honkapohja (2001) and Sargent (1999), that the constant gain
learning algorithm in equations (1.21) and (1.22) closely resembles expectations when
agents use ordinary least squares, but with a rolling window of data where the sample
size is approximately 1/g. The constant gain learning algorithm is not identical to
this scenario since it implies a weighted least squares procedure. However, the weight

an additional observation under the rolling window algorithm is equal to the inverse

4o show this, let R, = - S0, X, X! and ' = R; ! (t_% S, XTYT’)
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of the sample size, which is equal to the constant learning gain.

Let go: denote the estimated constant term in ®,, and let G’t and f[t denote
the time t estimate of G and H, respectively, obtained from ®,, where H, is simply
set equal to zero in the case when structural shocks are not observable. Agents’

expectation of x;,; is given by,
Et*xt-‘rl = g07t + GtE:xt + IA{Et'Ut_i_l (123)

Note that equation (1.23) assumes that expectations about future shocks, v;, 1, are
rational. This is a common simplifying assumption made in learning models. It is
possible to allow agents to also estimate the coefficients in the shock process, but
the dynamics deriving from this additional complication are negligible. Since time
t observations are not yet available to agents, agents must also estimate x; by least

squares. The time t estimate of x; is given by,
Eyxf = joy + Gy + Hoy,. (1.24)
Plugging this into equation (1.23) yields,
Bz = I+ G)gos + Gay + (G, + HA) vy, (1.25)

Plugging the agents’ forecast, (1.25), into the structural form of the model, (1.17),

leads to the following actual law of motion for z,

zp = Q5 (I + ét) dos + " (Q1 + Qzéf) zi1 + Q' {‘If + € (ét]:lt + ]:ItA)} (o
(1.26)
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1.4 Estimation

1.4.1 Maximum Likelihood

The model is estimated with quarterly U.S. data from 1960:Q1 through 2007:Q1 on
the output gap, as measured by the Congressional Budget Office, the inflation rate
of the consumer price index, and the federal funds rate. The model is estimated by
maximum likelihood using the Kalman filter procedure described by Hamilton (1994)
that maps the state equations (1.26) and (1.18) and a system of observation equations

to a log-likelihood function. The observation equations are given by,

GAP, = 100§,
INF, = 7* + 4007,
FF,=r" + " + 4007,

where GAP; denotes data on the output gap, I NF; denotes data on the annualized
quarterly inflation rate, and F'F; denotes the annualized quarterly federal funds rate.
The state variables are multiplied by 100 to convert the decimals into percentages,
and the inflation rate and federal funds rate are further multiplied by 4 to convert
the quarterly rates to annualized rates. The New Keynesian model assumes that the
steady state inflation rate is equal to zero, but since this is not likely the case in the
data, the annualized steady state inflation rate, given by 7*, is estimated along with
the other parameters of the model. The steady state gross real interest rate is set
equal to the inverse of the discount factor; therefore r* = 400(1/5 — 1).

The log-likelihood is maximized with respect to the learning gain, g; the New Key-
nesian parameters 1, o', v, pr, Uy, U, Pny Pus On,y Oy, and o,; and the steady state
inflation rate, 7*. Instead of estimating the intertemporal elasticity of substitution,
preliminary results indicated very elastic intertemporal substitution effects so it is
easier to identify the inverse of this parameter. Three parameters are not estimated.
The discount factor, 3, is set equal to 0.9925. This corresponds to a steady state

annual real interest rate of 3% which is close to the average difference between the
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federal funds rate and the inflation rate over the sample period. Preliminary results
indicated difficulty in identifying the elasticity of labor supply, . The only place this
parameter appears in the model is on the Phillips curve multiplying the marginal util-
ity of income, \;. Equation (1.12) shows that when carrying out this multiplication,
1 and o appear multiplicatively, causing weak identification. Therefore, the elasticity
of labor supply is set equal to zero. This implies that there are no changes in labor
supply decisions that effect firms’ marginal costs, and therefore there are no changes
in labor supply that arise from firms altering pricing decisions. Finally, the coefficient
on the output gap in the Phillips curve, k, is set equal to 0.1. Preliminary results
indicated estimates of x infinitely close to zero with a very high degree of precision,
which has the unrealistic implication that prices are completely fixed for all time.
Ireland (2004b) reports the same difficulty and also sets k = 0.1 prior to estimating
the model.

1.4.2 Initial Conditions

Before estimating the model, it is necessary to specify initial conditions for the learn-
ing process given in equations (1.21) and (1.22). Unlike specifying initial conditions
for the Kalman filtering procedure, the choices for initial learning matrices, ®, and
Ry, can have a dramatic effect on the estimation results. Despite this dependence,
there is little general consensus for how initial expectations should be specified.

Williams (2005) shows that using the rational expectations solution for initial
expectations produces nearly identical dynamics as assuming expectations are rational
throughout the sample. Given the model is E-stable, this result is not too surprising.
If the conditions for E-stability are met, under a decreasing learning gain consistent
with OLS, the model will converge to the rational expectations solution when in the
neighborhood of this solution. Williams shows with simulations that with a constant
gain, the dynamics under learning do not significantly differ than under rational
expectations.

Most initialization methods are therefore based on pre-sample evidence. Slo-

bodyan and Wouters (2007) estimate the rational expectations version of the model
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on pre-sample data, and use the implied expectations as the initial condition for the
sample. Milani (2007) sets initial expectations based on statistical evidence with
de-meaned pre-sample data, with a few exceptions. For example he argues that
agents perceived zero persistence in inflation at the beginning of the sample, when
pre-sample evidence indicated it was low. Moreover, he assumes agents do observe
structural shocks and so sets the initial coefficients in H equal to zero. Primiceri
(2006) calibrates initial conditions with the argument that the initial conditions are
close to observed pre-sample evidence, and that the initial conditions describe well
the behavior of the economy in the opening periods of the sample.

In this paper, I examine the following four specifications for how agents form

expectations, and how expectations are initialized:
Case 1. Rational expectations.

Case 2. Learning with observable shocks and initial conditions set equal to rational

expectations.

Case 3. Learning without observable shocks and initial conditions set equal to

rational expectations.

Case 4. Learning without observable shocks and initial conditions set equal to pre-

sample evidence.

Rational expectations is estimated as a baseline case for which to make compar-
isons. Case 2 can be viewed as the smallest step away from rational expectations.
Agents have the same information set and expectations at the beginning of the sam-
ple. This implies that rational expectations is actually the special case of this learning
framework where the learning gain is equal to zero. As the learning gain is estimated
jointly with the other parameters of the model, the statistical significance of this
parameter from zero can formally reject or fail to reject the null hypothesis that
expectations are rational.

Case 3 makes another incremental step away from rational expectations. Agents

again learn according to constant gain least squares, and their initial conditions for
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the learning matrices are equal to the rational expectations values, but agents are
not able to collect data on past shocks in order to use them as explanatory variables.
Due to this difference, Case 3 does not nest rational expectations.

Case 4 assumes the agents have the same information set as Case 3, but the
initial conditions for the learning process matrices are different from the rational
expectations solution. The initial conditions are set equal to constant gain least
squares estimates from pre-sample data. Equations (1.21) and (1.22) describe the
least squares learning process with any given learning gain, g;. When the learning
gain is constant, repeated substitution of these equations can show that the learning
matrices are given by,

t—1

R=Y>Y (1-9)' X, X, . (1.27)

=0
t—1 -1 /i

o= (Lo-gxex) (To-o'xoan) o

Pre-sample data on the output gap, inflation rate, and federal funds rate are
collected for the period 1954:Q3 through 1959:Q4. Pre-sample data on the output
gap is divided by 100 to convert it to pre-sample data for ;. The steady state levels
for the inflation rate and nominal interest rate are removed from pre-sample data
on the inflation rate and federal funds rate and these are divided by 400 to be put
in terms of quarterly rates in the model. The weighted least squares procedure in
equations (1.27) and (1.28) is run on this pre-sample data to form matrices for @

and Ry for the beginning sample period 1960:Q1.

1.5 Results

In this section I present the maximum likelihood estimation results for each of the
four expectations frameworks. To determine the role learning, initial expectations,
and agents information sets have on the estimation results I look at the parameter
results for each model in turn. After understanding differences in parameter estimates
I compare the relative fit of the models in terms of in-sample residuals and out-of-

sample forecast errors. Finally I show the roles the structural shocks play on the
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dynamics of model by examining impulse response functions and the predicted paths

of the structural shocks over the sample period.

1.5.1 Parameter Estimates

Case 1: Rational Expectations

Table 1.1 shows the parameter estimates for all four specifications. The first two
columns are the results for the rational expectations model. The results show habit
formation is a very strong source of output persistence, with n = 0.99. The high esti-
mate for habit formation is similar to Smets and Wouters (2005) and (2007) estimates
from a larger New Keynesian estimated by Bayesian methods on U.S. data. This re-
sult is also consistent with Milani (2007) finding that habit formation is significant
when expectations are rational. Despite the evidence for strong persistence in output,
the estimated degree of price indexation is essentially equal to zero. This is in contrast
with Smets and Wouters and Milani who find degrees of price indexation very close
to unity. However, estimates for these degrees of persistence vary substantially across
the empirical macroeconomics literature. For example, Ireland (2004b) estimates a
similar model by maximum likelihood and finds small degrees of persistence in both
output and inflation. Nason and Smith (2005) use method of moments procedures to
identify the Phillips curve and find point estimates for indexation close to 0.3. Cogley
and Sbordone (2005) also use method of moments procedures and indexation is equal
to 0.0.

The inverse intertemporal elasticity of substitution is o=! = 0.0015 which is very
small compared to much of the macroeconomics literature. This implies that con-
sumption decisions are very sensitive to changes in the expected real interest rate.
Milani (2007) for example finds an estimate for the inverse elasticity of substitu-
tion approximately equal to 0.26 when expectations are rational. Other papers find
much higher estimates. Giannoni and Woodford (2003) find the inverse elasticity
approximately equal to 1.51, and Smets and Wouters (2005) find this parameter ap-
proximately equal to 1.62. Some empirical work, such as Ireland (2004b), simply uses

a log utility function which implicitly assumes the elasticity is equal to 1. It will
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be seen in the cases below that the estimate for this parameter is sensitive to the

expectations framework.

Case 2: Learning with RE Initial Conditions

The next two columns of Table 1.1 show the parameter estimates under learning,
when agents have the same information set as rational expectations and when initial
expectations are set equal to the rational expectations solution. As mentioned above,
rational expectations is the special case of this model where the constant learning
gain is equal to zero. The estimate for the learning gain is small, g = 0.0119, but
is statistically significantly greater than zero, which implies significant statistical evi-
dence for learning. This learning gain corresponds to agents using approximately the
last 84 observations to form their expectations, or about 21 years of data.

Many parameters estimates are very different than under rational expectations.
The degree of habit formation dropped to about n = 0.65 and the degree of infla-
tion indexation increased dramatically from zero to v = 0.71. This implies when
agents learn, past inflation is significant in explaining forecasts for future inflation.
The inverse elasticity of substitution jumped to c~' = 0.42, which is closer to other
estimates found in the literature. The lower intertemporal elasticity of substitution
implies that consumption decisions are less responsive to the expected real interest
rate. The monetary policy parameters also indicate that dynamics in the data are
less responsive to expectations under learning. The response of monetary policy to
expected output and expected inflation decreased to 1, = 0.08 and ¢, = 1.74, re-

spectively.

Case 3: Learning with Unobservable Shocks and RE Initial Conditions

In the next learning case agents do not collect data on structural shocks. Because
shocks cannot directly influence expectations, all other things remaining the same,
agents’ forecasts should be less volatile. The fourth and fifth columns of results in
Table 1.1 show the parameter estimates for this framework. The learning gain is
approximately, ¢ = 0.0202, which is nearly twice the size as in Case 2, and given
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the small standard errors, the estimate is significantly higher. Since the shocks do
not directly influence the volatility of expectations, the estimation results predict
volatility in expectations is due to a higher learning gain. This difference in the
learning gain may appear small, but when interpreting it from the viewpoint of the
number of past observations agents use helps put it in perspective; in Case 3 agents
use about 50 observations to form their expectations, or just over 12 years of data.

The parameter estimates for inverse intertemporal elasticity of substitution and
monetary policy parameters indicate that expectations play a larger role in inflation
and output determination when agents do not observe structural shocks. The inverse
elasticity of substitution is ¢=! = 0.03 which is smaller than in Case 2, but not
nearly as small as under rational expectations. Monetary policy parameters indicate
stronger responses to expectations of inflation and the output gap, but still predict
responses smaller than rational expectations.

Assuming learning with a limited information set therefore still leads to the con-
clusion that inflation and output dynamics are less responsive under learning than
under rational expectations. However, the limited information set leads to greater
volatility of expectations and greater sensitivity of consumption choices and monetary
policy to expectations than under learning with a full information set.

Case 4: Learning with Pre-Sample Initial Conditions

The final case uses the same limited information set as Case 3, but sets expec-
tations for the beginning sample period equal to pre-sample weighted least squares
results. The estimate for the learning gain is approximately g = 0.0175 which cor-
responds to a rolling window of over 57 observations or just over 14 years of data.
Again the learning gain is statistically significantly greater than zero. This implies
that expectations are adaptive over the sample period.

The estimates for the degrees of persistence are all significantly positive, but
are not so close to unity. Habit formation is n = 0.71 and inflation indexation is
v = 0.63. This is in direct contrast to the Milani (2007) finding that these degrees
of persistence are significant under rational expectations, but learning causes these
to fall close to zero. One possible explanation for the difference in these findings is
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the estimation procedure. That paper uses Bayesian methods, whereas this paper
uses maximum likelihood. The initial conditions for expectations are also somewhat
different. Milani calibrates the initial expectations according to pre-sample estimation
results from a first order vector autoregression (VAR(1)), but with some exceptions.
In his paper, initial expectations for inflation persistence are set equal to zero, output
gap persistence is set below pre-sample evidence, and the sensitivity of inflation to the
output gap is set above pre-sample sample evidence. Moreover, the initial conditions
based on pre-sample evidence for Case 4 of this paper is not set according to pre-
sample VAR(1), but the pre-sample results from the weighted least squares vector
autoregression given in equation (1.28) that is consistent with constant gain learning,

for a given estimate of the learning gain.

1.5.2 Model Fit Comparisons

Given the different predictions of the four models, I turn to examine how well each
model fits the data, and examine whether any of the learning models provides a
better fit to the data during periods of the sample that is characterized by excess
volatility, as it has been proposed by some authors that learning may help explain
run-ups of inflation and subsequent declines. The first three rows of Table 1.2 show
the root mean squared residuals for each model. The results indicate a very similar
performance of all four models for all three variables. The best performing model is
actually the rational expectations model, but the improvement is very small.

To determine whether the learning models can explain the time varying volatility
in macroeconomic activity throughout the sample, the bottom three rows of Table 1.2
report the autocorrelation of the square of the residuals. If a model is well specified
and can explain changes in volatility in the data, then the volatility of the residuals
should be constant throughout the sample and therefore the autocorrelation should
equal zero. The autocorrelation of the squared residuals are small but do indicate
some persistence in volatility of the residuals. The best performing model under this
criteria for the output gap and federal funds rate is the learning model based on

pre-sample initial conditions. The autocorrelation for the output gap in Case 4 is
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approximately 0.09, compared to values above 0.13 in the other frameworks. There
is a small improvement in the autocorrelation for the federal funds rate, but it is still
significantly above zero. The best performing model for inflation using this criteria
is Case 3, learning when agents do not have data on the structural shocks. In this
case the autocorrelation of the residuals is approximately 0.11 compared to values of
about 0.18 and above for the other cases.

To see where the models are making their largest errors, Figure 1.1 shows the plots
of the forecast errors over the sample period for each of models. The shaded regions
indicate periods of recession as determined by the National Bureau of Economic Re-
search. The numbers in parentheses for the learning models are the correlation with
the evolution of the forecast errors predicted by the rational expectations model.
Looking across the figure one can see the forecast errors for all the variables for all
the learning frameworks are highly correlated with the forecast errors under rational
expectations. This implies that none of the learning models can explain any better
the changes in macroeconomic volatility than the rational expectations model. The
largest forecast errors for the output gap are made in the recessions of the 1970s and
early 1980s, the period characterized by high inflation and relatively large macroeco-
nomic volatility. The forecast errors for the output gap become relatively small after
1984 for every model, the period commonly referred to in the empirical monetary
literature as the Great Moderation. The forecast errors for inflation similarly are
largest in the middle 1970s and the early 1980s, then become relatively smaller.

The models all have similar in-sample performance, but to to determine if learning
dynamics can better explain data out-of-sample, the models are re-estimated using
data from 1960:Q1 through 1989:QQ4 and using these sets of parameters, the models
are forecast over 1990:Q1 through 2008:QQ1 for long horizons. Figure 1.2 shows the
root mean squared error of the out-of-sample forecast errors for forecast horizons of
one quarter through 12 quarters. The best performing model for the output gap for
forecast horizons 1 quarter through 6 quarters is the rational expectations model.
However, at longer horizons, the learning model with expectations based on pre-
sample data, is the best performing model. The same is not true for inflation and
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interest rate forecasts. For these variables, Case 4 is by far the worst performing model
over the entire three year forecast horizon. For all three variables rational expectations
and learning under Cases 2 and 3 have very similar out-of-sample performance over

the forecast horizon.

1.5.3 Structural Shocks

Despite the mixed performance of the four models in in-sample and out-of-sample fit,
the significance of the learning gain combined with the differences in the parameter
estimates could lead to different predictions for the relative importance of the struc-
tural shocks in explaining the data. Figure 1.3 shows the estimated evolutions for
the structural shocks, which are computed using the Kalman smoothing algorithm
proposed by de Jong (1989). Again, periods of recession in the United States are
shaded and the correlation of the shocks in the learning models with the rational ex-
pectations model are shown in parentheses. The correlations indicate there are some
similarities in the predictions of the models, but the correlations are not quite so high
as they are for the forecast errors.

The natural rate shock is highly correlated over the four models. The largest
volatility of the natural rate shock is during the 1970s and early 1980s. The natural
rate shock also appears responsible for the recession in 2001. The scale of the natural
rate shocks show that Case 3 predicts the largest volatility this shock. This is the
case when expectations are least volatile because expectations are initialized to the
rational expectations solution, and structural shocks do not directly impact expec-
tations. The cost push shock is somewhat correlated across the four models. The
shock is more persistent under rational expectations, but all the models predict the
largest shocks come during the periods of stagflation in the middle 1970s and early
1980s. The monetary policy shock shows that all models completely fail to deliver the
change in monetary policy that occurred after Paul Volcker became chairman of the
Federal Reserve. Recall, previous authors such as Primiceri (2006) and Orphanides
and Williams (2005a) have suggested that the change in monetary policy was due to

changes in expectations caused by learning. The results in this paper do not support
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such a claim. Instead the models predict very volatile monetary policy shocks starting
in late 1979 and become very small after 1984.

Figures 1.4, 1.5, and 1.6 show the predicted impulse response functions that arise
from a one standard deviation shock to each of the structural shocks. Impulse re-
sponses for learning models depend on the values of the learning matrices ®; and R,
at the time of the impulse. The impulse response functions computed in this paper
are for the state of the learning matrices at the first quarter of 2008, the last period
of the sample. If the learning matrices are not equal to the rational expectations
solution, then even in the absence of shocks the state variables evolve as expectations
converge to the rational expectations solution. Therefore, to expose only the impact
of the shocks, the plots in Figures 1.4, 1.5, and 1.6 show the difference between the
evolution of the variables after the shock and the evolution the variables would take
in the absence of any shocks.

Figure 1.4 shows the impulse responds functions for the natural rate shock. The
unit these are measured in is the percentage deviation of each variable from its steady
state. The results show that learning can create significant “hump-shaped” impulse
responses, especially in Cases 3 and 4 when agents do not have data on structural
shocks. The results indicate that Cases 3 and 4 create the largest and most prolonged
effects following a shock. Because in these cases agents do not have data on structural
shocks, expectations are only influenced indirectly through the effect the shocks have
on the state variables. As time progresses the realizations of these state variables
become data in agents regressions, and therefore shocks can influence expectations
for long periods of time. In Case 2, agents can see the structural shock and they know
it is temporary, therefore a shock does not influence expectations over a long horizon.

Figure 1.5 shows the impulse responses due to a cost push shock. The response to
inflation is very similar over all three models, with the exception of Case 4 in which
inflation dies down significantly after about 6 periods, but takes a very long time to
completely converge to the steady state. This finding is in contrast with Orphanides
and Williams (2005b) who suggest using simulated impulse response functions from
a calibrated model that an inflation shock can lead to prolonged periods of inflation.
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The bottom row of graphs in Figure 1.5 shows that initial expectations can lead to
a very different prediction for the impact of the cost-push shock. Instead of output
decreasing due to higher costs, expectations by the end of the sample are at such a
point that the shock causes output to increase for a prolonged period of time, which
leads to a very different path for the interest rate. This would be consistent if the
increase in inflation caused by the cost push shock is instead interpreted by agents as
an increase in demand.

Finally, Figure 1.6 shows the impulse responses from a contractionary monetary
policy shock. The shape of the impulse responses in Cases 1 and 2 are very similar.
However, the scale indicates that the negative impact on the output gap is much
larger in Case 2 than under rational expectations. The response to the output gap
in Cases 3 and 4 is much longer lived, and appears to have a oscillatory pattern after
many years. Again Case 4 expectations at the end of the sample are in such a state
that leads to a very different response to inflation. The contractionary monetary
shock causes only a small one period decrease in the inflation rate, as the increase
in interest rate causes an intertemporal substitution effect that decreases demand.
The subsequent positive effect on inflation and continued negative effect on output
is consistent with agents perceiving the change in interest rate as a response to a

negative shock to supply.

1.6 Conclusion

Constant gain learning is not found to out-perform rational expectations in the con-
text of an estimated standard Keynesian model. Previous research has suggested that
constant gain learning can explain periods of prolonged inflation, run-ups of inflation
and volatility and subsequent decline, and macroeconomic persistence. These claims
are tested in the context of the New Keynesian model, the most popular specification
for monetary models for the use of estimating and examining the impacts of mone-
tary policy on the economy. To examine the effects of learning, initial expectations,

and information sets, the rational expectations model is estimated along with three
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specifications for learning that differ on the assumed expectations at the beginning
of the sample and whether agents can observe structural shocks.

Estimation results show that the learning gain is statistically significant in every
case, indicating statistical evidence that expectations are not rational and are indeed
adaptive. Moreover, the different models deliver very different parameter estimates
that are responsible for the impact expectations have on consumption behavior and
monetary policy. However, when comparing the models on criteria for in-sample
and out-of-sample forecast errors, the rational expectations model delivered nearly
as good as performance of the learning models, and compared to a learning model
with initial expectations set to pre-sample evidence, the rational expectations model
greatly out-perform the learning model in out-of-sample fit.

Analysis of impulse response functions showed despite the weak evidence for dif-
ferences in fit, learning can have very different predictions for the effects structural
shocks have on the dynamics of the model. When agents are assumed to not be able
to collect data on structural shocks, the shocks produce prolonged impulse responses.
Moreover, even the directions of some of the impulse response functions were shown

to be quite sensitive to initial expectations.
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Table 1.2: Model Fit Comparisons

Root Mean Squared Error
Casel Case2 Case3d Case4

Output Gap 0.7554 0.7885 0.7793 0.7903
Inflation 2.3967 2.5560 2.4324 2.4373
Federal Funds Rate | 1.2497 1.2557 1.2294 1.2744

Autocorrelation Squared Error
Casel Case?2 Case3 Case4d

Output Gap 0.1379 0.1771 0.1345 0.0867
Inflation 0.2098 0.1792 0.1145 0.2454
Federal Funds Rate | 0.3225 0.4033 0.3386 0.2602

33




Figure 1.1: Forecast Errors
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Figure 1.2: Out of Sample Multiperiod Forecast Errors
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Figure 1.3: Smoothed Estimates of Structural Shocks
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Figure 1.4: Natural Rate Shock Impulse Responses
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Figure 1.5: Cost-Push Shock Impulse Responses
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Figure 1.6: Monetary Policy Shock Impulse Responses
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Chapter 2

Empirical Significance of Learning in
a New Keynesian Model with
Firm-Specific Capital

Abstract: This paper examines the empirical significance of learning, a type of adap-
tive, boundedly rational expectations, in the U.S. economy within the framework of
the New Keynesian model with endogenous capital accumulation. Estimation results
for learning models can be sensitive to the choice for agents’ initial expectations, so
three methods for choosing initial expectations are examined. Maximum likelihood
results show that learning under all methods do not significantly improve the fit the
model. The evolution of forecast errors show that the learning models do not out
perform the rational expectations model during the run-up of inflation in the 1970s
and the subsequent decline in the 1980s, a period of U.S. history which others have
suggested learning may play a role. Despite the failure of learning models to better
explain the data, analysis of the impulse response functions and paths of structural
shocks during the sample show that learning can lead to different explanations for

the data.
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2.1 Introduction

Rational expectations is one of the most common assumptions in dynamic macroeco-
nomic models. While it is usually made for mathematical convenience, the assumption
regarding expectations formation can have non-trivial effects on a model’s dynamics.
In particular, a large amount of literature has addressed the implications of least
squares learning for popular dynamic stochastic general equilibrium (DSGE) models.
Agents in a DSGE model that learn do not know the parameters of the model, and
instead form expectations by collecting past data and compute least squares forecasts.
In this paper I investigate statistical evidence for learning within the framework of
a New Keynesian monetary model and examine the implications of incorporating
learning on the predictions of the model

Recent papers have found that least squares learning can have important effects
on output and inflation determination. Orphanides and Williams (2005b) use an es-
timated two equation monetary model and demonstrate with simulations of impulse
response functions that least squares learning can lead to prolonged inflation following
an inflation shock. Using the same model, Orphanides and Williams (2005a) find in
another paper that learning on the part of monetary policy can possibly explain the
period of stagflation during the 1970s. They suggest that the monetary authority was
under-estimating the natural rate of unemployment during this time, and was there-
fore responding too aggressively to unemployment and not enough to inflation. They
suggest that had the central bank responded to inflation instead of unemployment,
lower inflation and unemployment would have resulted. Primiceri (2006) suggests
that learning on the part of the central bank can explain both the run-up of infla-
tion during the 1970s and the subsequent decline during the 1980s. He suggests that
the monetary authority was under-estimating both the natural rate of unemployment
and the degree of inflation persistence. Like Orphanides and Williams (2005a), he
shows the resulting monetary policy leads to an increase in inflation, but as time
progresses the central bank’s expectations evolve. The central bank’s expectations of

the natural rate of unemployment and the degree of inflation persistence return their
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actual values and therefore the policy prescription becomes stabilizing, resulting in
the moderation that occurred from the middle 1980s onward.

The results from these papers depend on a calibrated value for the constant learn-
ing gain, a parameter that is responsible for the speed in which expectations evolve,
and therefore responsible for the impact learning can have on the dynamics of the
model. Milani (2007) is the first paper to estimate the learning gain jointly with
the parameters of a model. He finds an estimate for the learning gain which is very
close to calibrated values that are popular in the literature. He estimates a standard
three equation New Keynesian model and finds evidence in U.S. data that learning
explains persistence in output and inflation better than habit formation and inflation
indexation. Like the papers cited above, Milani makes specific assumptions about
the initial conditions of agents expectations. Many of the initial conditions are set
close to pre-sample ordinary least squares estimates. The exceptions are the degree of
inflation persistence, which he assumes is equal to zero, and the sensitivity of output
to inflation, which he assumes is higher than the pre-sample evidence.

The results of all of these studies depend on the assumptions for the initial con-
ditions for agents and/or central bank’s expectations. These initial conditions are
sometimes backed by an economic justification or an argument that such a set of
initial conditions accounts well for the data. In this paper, instead of suggesting a
specific assumption for the initial expectations of agents, I examine a number of alter-
native methods for forming these initial conditions. These methods include using the
rational expectations solution of the model and using least-squares estimation results
from pre-sample data.

I extend the analysis of the existing empirical learning literature, and incorporate
learning into a New Keynesian model with firm-specific capital and endogenous in-
vestment decisions, a model introduced by Woodford (2005). There are a number of
motivations for extending the empirical analysis to the model with capital accumu-
lation. Including capital in the model introduces data on another variable, aggregate
investment, to be included in the estimation procedure. Secondly, introducing capital
may alter how expectations are formed, since agents may use past data on capital to
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make their forecasts. Also, incorporating capital introduces more expectations into
the model which may allow learning may play a bigger role. Finally, in a rich model
with stochastic shocks to preferences, technology, and investment, one can determine
the role learning has on the impact of such shocks, and the role the shocks play in
explaining U.S. data.

Rational expectations and learning versions of the model are estimated by maxi-
mum likelihood. The findings of this paper indicate the learning gain is statistically
significant which implies rejection of the null hypothesis of rational expectations and
statistical evidence that expectations are adaptive. Examination of the other pa-
rameter estimates indicate that allowing for learning in the model can lead agents’
consumption and investment decisions to be less dependent on expectations. Further-
more, estimated impulse response functions indicate that learning can lead to very
different effects for the structural shocks depending on the information agents use for
forming their forecasts and depending on the initial conditions for agents expecta-
tions at the beginning of the sample period. Despite these differences, examination
of in-sample and out-of-sample forecast errors find that the learning models do not
out-perform the rational expectations model in explaining the data.

The paper is organized as follows. Section 2 describes the details of the New
Keynesian model with firm-specific capital. Section 3 describes the learning process
and how learning is incorporated into the model. Section 4 describes the maximum
likelihood procedure and the four cases for how initial conditions are constructed.

Section 5 reports the results, and section 6 concludes.

2.2 Model

The New Keynesian model has been used extensively in monetary economics for anal-
ysis of theoretical and empirical issues and it is a convenient framework to examine
the role of learning on output, consumption, investment, and inflation determination.
Woodford (2003) provides a complete exposition of the model’s micro-foundations,

its many extensions, and implications for monetary policy. The model used in this
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paper is an extension of the standard three equation New Keynesian suggested by
Woodford (2005) that incorporates endogenous investment decisions in a framework
of firm-specific capital, where output is produced under constant returns using labor
and firm-specific capital. Not only is firm-specific capital a more realistic assumption
than a perfect rental market for capital, Woodford shows that allowing for firm-
specific capital alters the coefficient on marginal cost in the Phillips curve in such a
way that allows for greater price flexibility to be consistent with very small values of
the coefficient, which is often seen in empirical work.

The model has a continuum of consumers types on the unit interval, and a contin-
uum of intermediate goods producers on the unit interval, each producing a unique
intermediate good. Each consumer type possesses a specific labor skill that can only
be hired by a corresponding intermediate goods producer. It is assumed that there
are many consumers in each consumer type so that consumers do not have market
power over the wage. Production of intermediate goods also depend on capital goods
which are firm-specific. Since a capital good in firm ¢ cannot be used by another firm
J, there is not a perfect capital rental market which would equalize the marginal prod-
uct of capital across intermediate goods firms. Therefore each firm’s labor demand
and pricing decision will depend on its current capital stock, which in turn depends
on the firm’s entire past history.

All the intermediate goods are used to produce a single type of final good, but they
are imperfect substitutes for each other in production; therefore intermediate goods
producing firms are monopolistically competitive. Prices of intermediate goods are
imperfectly flexible according to Calvo’s (1983) pricing mechanism where a constant
fraction of firms is able to re-optimize its price every period, and the firms selected
to do so is randomly determined, independently of firms’ histories or characteristics.
This setup for sticky prices may seem unrealistic, but Roberts (1995) shows in a model
without firm-specific capital that quadratic price adjustment cost, an alternative pric-
ing friction suggested by Rotemberg (1982), yields the same solution as Calvo pricing.
The same is not true with firm-specific capital. Under Calvo pricing, at any point in
time, each firm will have a different pricing history and therefore a different capital
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stock. Each firm’s relative capital stock will in turn affect the pricing decision. Under
quadratic price adjustment costs, all firms face the same friction every period, and
so all firms’ price, labor, and investment decisions remain identical throughout time.
Therefore, even though Calvo pricing may seem to be an unrealistic setting, it is a

convenient framework to incorporate the realistic assumption of firm heterogeneity.

2.2.1 Consumers

Each consumer type has a specific labor skill that can only be hired by a specific
intermediate goods producing firm. Since each intermediate goods firm has a different
labor demand, wage income will be different for each consumer type. Given a perfect
asset market, though, consumption will be equal across all consumers. Each consumer

type i € (0,1) maximizes utility,

1 1

E t )T — ) LFm 2.1
OZﬁ — 1ft —NCi—1) 1+Mﬂtnt(2) ) (2.1)
subject to the budget constraint,
et by = STy B e - (2.2)
1+ Tt Pt

where ¢;, consumption at time ¢, is not indexed by individual type ¢ since it is equal
across all agents, & is an aggregate preference shock, n,(i) and w;(7)/p; are the labor
supply and real wage of individual ¢ at time ¢, respectively, p; is an aggregate labor
supply shock, b,(7) is individual ¢’s purchase of real government bonds at time ¢, 7, is
the nominal interest rate paid on government bonds, 7; is the inflation rate, II; is the
value of profits earned by owning stock in firms, and 7; is the value of real lump sum
taxes. The preference parameters are o € (0, 00), which is the pseudo intertemporal-
elasticity of substitution,! 5 € [0,1), which is the degree of habit formation, and
i € (0,00) which is the inverse of the elasticity of labor supply. The appendix shows

'When there is no habit formation and labor supply is fixed, ¢ is exactly equal to the intertemporal
elasticity of substitution.
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that the first order conditions for the consumer lead to the log-linear Euler equation,
;\t = Et;\t—f—l + 7 — BT, (2.3)

where a hat indicates the percentage deviation of the variable from its steady state.?

Here, \; is the marginal utility of real income, given by,

A 1
M= A B )

[ﬁnEtét—&-l - (1 + 5772)515 + Uét—l} + (ét - 577Etgt+1) . (2-4)
I assume that the preference shock, ét, follows the exogenous autoregressive process,

£ = p&étfl + €ct, (2.5)

where ¢, is independently and identically with mean zero and variance given by 052.
When there is no habit formation, equations (2.3) and (2.4) lead to the standard
IS equation,

~

ét = Etét+1 — 0 (TAt - Etﬂ—t+1) + ft'

Habit formation is added to the model, because as equation (2.4) demonstrates, habit
formation introduces a source of persistence that does not depend on learning. The
larger is the degree of habit formation, the more current period marginal utility
depends on past consumption. Since consumption is related to output in the market
clearing condition, habit formation creates output persistence. Moreover, Fuhrer
(2000) finds that habit formation leads to “hump shaped” impulse response functions,

a phenomenon evident in the data.

2.2.2 Producers

There is one final good used for consumption and investment which is sold in a

perfectly competitive market and produced with a continuum of intermediate goods.

2A hat is omitted from inflation because, as demonstrated in the appendix, in order to derive the
Phillips curve it is necessary to assume the steady state inflation rate is equal to zero.
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The production function is given by,

Yt = [/01 yt(i)%ldl} & (2.6)

where y; is the output of the final good, y,(7) is intermediate good i, and 6 € (1, c0) is
the elasticity of substitution in production. Profit maximization leads to the demand

for each intermediate good,

y(i) = [pt(i)] X Yt, (2.7)

Dt
where p,(i) is the price of intermediate good i and p; is the price of the final good.
Substituting equation (2.7) into (2.6) leads to a consumption price index that holds

in equilibrium,
1
=

D = [/Olpt(i)ledi] - (2.8)

Intermediate goods

The intermediate good is produced with labor and a unique type of capital good

according to the constant returns to scale production function,
yt(Z) = Ztkt(i)ant(i)l_a (29)

where k;(7) is capital hired by firm i. For a given level of output, intermediate goods

firms choose labor demand and rent capital to minimize real total cost,

we(7)

Dbt

Ct:

(i) + pe(2) ke (i), (2.10)

where p;(7) is the rental price of capital good i. Log-linearizing the production func-
tion and summing over all intermediate goods firms leads to the log-linear aggregate
production function,

g = 2+ aky + (1 — )iy, (2.11)

The appendix shows when firms hire optimal amounts of labor and capital, the

average marginal cost among all the intermediate goods firms (in terms of the per-
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centage deviation from the steady state) is given by,

. oot alp+1), v+ 1
St = H t — (M )kt — At — I:ll_ aZt7 (212)

C1l-a 1l—«

where k; is the percentage deviation of the aggregate capital stock from its steady

state. The technology shock is assumed to follow the exogenous stochastic process,
Zt = P21+ €y, (2.13)

where €., is independently and identically distributed with mean zero and variance

given by o2.

Firm-specific capital goods

Capital goods firms maintain firm-specific capital stocks and rent the capital to the
corresponding intermediate goods firm at a real price of py(i) per unit of capital.
This assumption in not essential and is purely used for notational convenience. This
model supposes that the market for firm-specific capital is purely competitive, even
though firm-specific capital cannot be sold to other firms. This assumption assures
an optimal amount of investment in each firm-specific capital good which would be
the same outcome if the intermediate goods firms were to invest and own the capital
themselves instead of renting it.

Capital goods firms purchase the final good and convert it to a firm-specific capital
good. The conversion from a final good to a firm-specific capital good is irreversible
and is subject to a stochastic shock, ¢;, that is common to all capital goods. Let
I;(i) denote the purchase of the final good for investment for capital good i, so that
t1(7) be the amount a purchase of I;(i) adds to the capital stock. The evolution of
firm-specific capital ¢ is given as,

K1 (4)

k:tﬂ(z'):(1—6)kt(i)+LtIt(z’)—;bl SN ] ko (d) (2.14)

where 0 € (0, 1) is the capital depreciation rate and ¢ € (0, c0) is a capital adjustment
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cost parameter. When ¢ = 0, there is no adjustment cost and capital net of depreci-
ation increases by ¢;1;(i). Log-linearizing equation (2.14) then integrating across all

the firms leads to the following relationship between capital and investment:
ko = (1= 0)ky + 61, + 01, (2.15)

Capital goods firms choose investment to maximize the expected utility value of

profits,

e}

Ey Zﬁt/\t [ (i) ke (i) — 1 (4)] (2.16)

t=0
subject to equation (2.14). The appendix shows that profit maximization leads to

the following evolution of the aggregate capital stock:

1-6(1-9)

11—«

A+ ¢ (ift+1 — ]%t) = B(1 - 5)Et;\t+1 + ( ) [(M + 1) B — (1 + M@)];’tﬂ]

(b+1)[1—-5(1 -9

11—«

+06¢ (Etift+2 — ]%t—i-l) — EiZzion + 06— B(1 =) Bty

+[1 =51 = 0)] Evfirsr,
(2.17)

The investment shock is assumed to follow the stochastic process,
it = pii1+ € (2.18)

where ¢,; is independently and identically distributed with mean zero and variance

given by o2

Phillips Curve

The Phillips curve is a single equation that describes the relationship between inflation
and output, as determined by the supply side of the economy when prices are sticky.
The specific price friction employed in this paper is Calvo (1983) pricing. According
to this method, only a random subset of intermediate goods firms are able to re-
optimize their price in a given period. Allowing for inflation indexation, those firms
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who are not able to re-optimize their price may adjust their price by a fraction, v, of
the previous period’s inflation rate. Let w € (0, 1) denote the fraction of firms who
are not able to change their prices each period. Since the specific firms able to change
their prices each period is randomly determined, w” is the probability a firm will not
be able to change its price for T consecutive periods. A firm who is able to change its
price maximizes the following present discounted utility value of profits earned while

the firm is unable to change its price again:

B3 @ 2 (B0) i - a9

where S [yy7(i)] is the real total cost function of producing v, r(i) units, given
optimal decisions for labor and capital, and py,7(7) is the firm’s price in period ¢t + T,
given the firm has not yet been able to re-optimize its price. When there is a positive

degree of inflation indexation, this price is determined by,

log pyyr(i) = log prar—1(3) + ymgpr—1 (2.20)

The appendix shows that the firms’ optimal choices for prices in combination with
equilibrium in the firm-specific capital goods market leads to the following Phillips

curve,

1 .
T = (1 n ﬁ’Y) (Y1 + BE w1 + KSy) (2.21)

where k decreases as w, the degree of price stickiness, increases. The parameter s
is also a function of other parameters of the model, but there is not a closed form
expression for it. The appendix describes the full details of the derivation of the

Phillips curve.

Monetary Policy

The nominal interest rate is determined jointly with output and inflation by monetary
policy. In this paper I assume the monetary authority follows a Taylor (1993) type
rule where the interest rate is set in response to expected output and inflation, with
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a preference for interest rate smoothing, according to,

T = prfic1 + (1 — pr) (Ve Byt + Yy Eylin) + €y (2.22)

where p,. € [0,1) is a degree of interest rate smoothing desired by the monetary
authority, ¥, € (0,00) is the feedback on the interest rate to expected inflation,
1, € (0,00) is the feedback on the interest rate to expected output, and €, is an
independently and identically distributed exogenous monetary policy shock with mean
zero and variance given by o?.

Alternative policy rules may replace expected inflation and output with current
or lagged realizations. McCallum (1997), for example, argues that a policy rule that
depends on current realizations of output and inflation is not operational. He suggests
that using lagged realizations more accurately represent actual monetary policy since
current quarter estimates for output and price levels are not available. Under ratio-
nal expectations with full information, the policy rule above is also subject to this
criticism. However, as will be seen in the next section, under learning expectations

are formed by collecting past data, so the monetary policy rule above is operational.

2.2.3 Complete Model

The complete system has nine variables: consumption (¢;), marginal utility of income
(\;), investment (I,), capital stock (k,), marginal cost (3,), output (4), labor (),
inflation (7;), and the interest rate (r;). The demand side of the model consists of
the Euler equation, (2.3), and the definition of the marginal utility of income, (2.4).
The supply side of the model consists of the Phillips curve, (2.21), the definition of
the marginal cost, (2.12), the evolution of capital, (2.17), the relationship between
investment and capital, (2.15), and the production function (2.11). The model is
completed with the monetary policy rule, (2.22), and the following log-linear goods
market clearing condition,

G = cyés + Ok, I, (2.23)
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where ¢, is the steady state consumption to output ratio and £, is the steady state

capital to output ratio. The appendix shows that &k, and c, are given by,

L fa@-1)
YT BT )

cy =1 —0k,.

There are five exogenous shocks in the model: the preference shock, &, whose
evolution is given in equation (2.5); the technology shock, z;, whose evolution is given
in equation (2.13); the investment shock, ¢;, whose evolution is given in equation

(2.18); the labor supply shock, u¢, and the monetary policy shock, €, .

2.3 Learning

The specific type of adaptive learning process considered in this paper is least squares
learning. Under least squares learning, agents form expectations by collecting past
data and computing least squares estimates. The specific type of least squares learn-
ing 1 use is constant gain learning, which is consistent with agents’ forecasts based
on weighted least squares, where more recent observations are given more weight,
and the weights decline geometrically with the age of the observations. This is a
popular assumption in the learning literature and is the same type of learning used
by Orphanides and Williams (2005b) to explain inflation scares, Primiceri (2006) to
explain the inflation volatility in the 1970s, and Milani (2007) to explain output and
inflation persistence.

Constant gain least squares learning is arguably similar to how expectations are
actually formed in the U.S economy. Least squares forecasts out-perform more com-
plex economic models in out-of-sample forecasts, and the welfare of individuals who
make output, consumption, and savings decisions depend on the accuracy of forecasts
and not the ability to identify parameters of an econometric model, or the ability to
make counter-factual predictions. These latter qualities, found in structural economic
models, are desirable mostly by policy makers. The constant gain assumption can
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also be argued as realistic as it captures the idea that agents agents believe changes
in the economy are possible, so that agents view more recent data as more likely to
yield accurate forecasts than data from further in the past. I demonstrate in the
next section that constant gain least squares is equivalent to a very specific type of
weighted least squares which is not an actual popular estimation method. However,
Evans and Honkapohja (2001) suggest that constant gain least squares is a good ap-
proximation for agents that use a “rolling window” of data. That is, agents do not
use all the data as far back as possible, but form forecasts based on the most recent
data for a given number of observations. This is very close to common practice, as
empirical studies that forecast output and inflation typically use at most 50 years of
data, despite annual data available from Johnston and Williamson (2007) for both
these variables dating all they way back to the year 1790.

There is also a theoretical and empirical appeal to using constant gain learning.
The theoretical appeal is that unlike with ordinary least squares, with weighted least
squares the effects of learning persist in the long run. With ordinary least squares, as
time progresses agents obtain more and more observations and so their sample sizes
approach infinity. Therefore, the effect a single new observation has on the agents’
estimation results disappears. Constant gain learning instead assumes that a new
observation carries the same weight every period, regardless of how much time has
progressed. The empirical appeal is that the degree to which learning affects the
dynamics of the economy can be determined by estimating a single parameter, the
learning gain. Moreover, with appropriate initial conditions for the learning process,
constant gain learning nests the rational expectations framework, where rational ex-
pectations is the special case where the learning gain is equal to zero. Standard
statistical tests that determine if a parameter is significantly different from zero can
determine the statistical significance of learning, and formally reject or fail to reject
the rational expectations hypothesis.

The log-linearized New Keynesian model in the previous section has the following
general form:

Qoxry = Ny + o E v + Yoy, (2.24)
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Vs = Avt_l + €t (225)

where x; is a vector of state variables (expressed as percentage deviations from their
steady state), E; refers to a possibly non-rational expectations operator, v, is a vector
of structural shocks, and ¢; is a vector of independently and identically distributed
innovations to the shock process. In the New Keynesian model with firm-specific
capital the state vector is given by, x} = [§; & ke M\ I 2y 8 7 7¢], and the vector of
shocks is given by, vy = [2; i ft fir €1

The solution of the model can be written as,
Ty = Gl’t,1 + H'Ut. (226)

To agents that learn with a correctly specified model, the actual values in the matrices
G and H are unknown, but agents use the form of equation (2.26) to estimate future
values of x; by least squares. It is assumed that when agents begin period ¢, time ¢
observations are not yet realized; therefore agents collect observations up through time
period t — 1. From this agents make least squares forecast, then make consumption,
production, investment, and pricing decisions based on these expectations. Only
after these decisions are implemented, that is at the end of time period ¢, do time ¢
observations become available. This is both a realistic and mathematically simplifying
assumption. The latest numbers from statistical agencies such as the Bureau of Labor
Statistics are almost always at least one quarter old. It is of great mathematical
convenience, because the term Ejx;.; in equation (2.24) is then only a function
of observations through period ¢ — 1. Therefore, solving for x; in terms of past
state variables is straightforward. If instead E;z;.; was a function of z;, non-linear
numerical methods would be needed to solve the model as least squares forecasts are
non-linear.

To forecast x;,1, agents estimate G and H by least squares using as regressors
variables in the vector z;_;, and the shocks included in v;. Assuming agents have
data available on shocks is not very realistic, but this assumption can be dropped.

In Section 2.4 T estimate the models under both cases, so that when comparing the
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results from the learning and rational expectations models, it will be clear what results
derive from the learning process, and what results derive from assuming that agents
have a more limited information set.

Agents do not use all the variables in x; as regressors, only those that correspond
to non-zero columns in G. If an entire column in G is equal to zero, this implies
that the past observation in the associated element in x;_; does not influence x;
in the rational expectations solution. I assume agents know the structural form of
the economy and therefore use as explanatory variables only the variables that have
non-zero coefficients in G. In the New Keynesian model, the variables with non-zero
coefficients in GG include consumption, capital, the inflation rate, and the interest rate.
The remaining variables in the model that are not used as explanatory variables are
output, labor, marginal cost, marginal utility of income, and investment.

I assume agents also use a constant term in their least squares forecasts. The
structural form of the model, (2.24), does not include a constant, but since this
equation is written in terms of percentage deviations from the steady state, using a
constant in agents’ estimation equations implies agents do not know the steady state
values of the economy.

Let ®; denote the time ¢ estimate of the all the coefficients to be estimated in
the learning process. These coefficients include a vector of constants, the non-zero
columns in GG, and all the columns in H in the case where shocks are used as explana-
tory variables. Let Y; denote the time ¢ dependent variables used in the learning
process. Since time t data is not available to agents, Y; = z;_;. Let X, denote the
vector of time t explanatory variables. If agents include the stochastic shocks in their
explanatory variables, X; = [l z}_, v;_,], otherwise X| = [1 z}_,]. If agents estimate

equation (2.26) by ordinary least squares, they form the estimate,

1 & g
= — > X, X/ — > XY (2.27)
t—14 t—14

=2

The ordinary least squares estimate ®; can be rewritten into the convenient re-
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cursive form:

(I)t = ®t—1 + gt(}/t — (I)t—lXt)Xt/Rt_la (228)
Rt = Rt—l + gt(Xth — Rt—l)y (229)

where g; = 1/(t — 1) is the learning gain.®> The recursive form demonstrates precisely
how expectations are adaptive. Agents take the previous period’s estimates, ®;_;
and R; 1, and correct them according to the residual between the previous period’s
forecast and the new observation. The amount of the correction depends on the
learning gain. With ordinary least squares and infinite memory, the learning gain
approaches zero as time approaches infinity, so the effect new observations have on
updating the beliefs of ® and R diminish as the number of observations already
in the sample approaches infinity. Constant gain learning instead assumes that the
learning gain ¢; remains constant over time. This allows new observations to influence
estimation results by the same weight throughout time. If the constant gain is equal
to zero, the estimate ®; remains at its initial value throughout time. Given an initial
value equal to the rational expectations solution, a zero constant learning gain implies
rational expectations.

Let go; denote the estimated constant term in ®;, and let @t and f[t denote the
time t estimate of G and H, respectively, obtained from ®;. Agents’ expectation of
Z¢aq 18 given by,

Efwi = oy + GiEjay + HEw, (2.30)

Note that equation (2.30) assumes that expectations about future shocks, v;, 1, are
rational. This is a common simplifying assumption made in learning models. It is
possible to allow agents to also estimate the coefficients in the shock process, but
the dynamics deriving from this additional complication are negligible. Since time

t observations are not yet available to agents, agents must also estimate x; by least

3To show this, let B, = = S0, X, X! and & = R, (ﬁ S, XTYT’)
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squares. The time ¢ estimate of x; is given by,
Eix} = gor + Gixi 1 + Hyvy. (2.31)
Plugging this into equation (2.30) yields,
Efwr = (I + Go)gos + Giae s + (GiHy + HA) vy, (2.32)

Plugging the agents’ forecast, (2.32), into the structural form of the model, (2.24),

leads to the following actual law of motion for z;:

0= Q' (14 Gi) for + Q' (0 + RGY) zimy + Qg1 [V + Qy (GoH, + HA) | vy,
(2.33)

2.4 Estimation

2.4.1 Data

I estimate the model with quarterly U.S. data on real private consumption, real
gross private domestic investment, consumer price index inflation, and the effective
federal funds rate. Data is collected for 1970:Q1 through 2008:Q1 from the Federal
Reserve Bank of St. Louis FRED database. Consumption and investment are put
in per-capita terms by dividing the series by data on the civilian non-institutional
population which is obtained from the Bureau of Labor Statistics.

In the New Keynesian model, consumption and investment are expressed in terms
of the percentage deviation from their respective steady states. Since this data is non-
stationary it is first de-trended by removing a common trend growth rate, similar to
Ireland 2004a and 2004b. Even though productivity growth is not specified in the
model, consumption and investment should have the same long run growth rate.
This growth rate is determined by adding together consumption and investment, and

taking the average growth rate over the sample. The average quarterly growth rate of
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output computed this way is g, = 0.0054. De-trended consumption and investment

is therefore determined according to,

N IN
cons; = SON5 e - N

(1"“9y)t7 a (1‘{'931)“

where CONS; and INV; are the raw data on consumption and investment, and

CONS; and INV/* denote the data with the trend growth rate removed.

2.4.2 Initial conditions

[ estimate the model under four different cases for how expectations are formed. Case
1 is rational expectations, and the other cases are learning with different assumptions
for initial expectations and what explanatory variables agents use to make their least
squares forecasts. Case 2 can be viewed as the closest to rational expectations. Agents
learn according to constant gain least squares, but the initial values for the learning
matrices ® and R are equal to the rational expectations solution. Furthermore, agents
have the same information as agents with rational expectations, which means they
include realizations of structural shocks among the other explanatory variables. When
the constant learning gain is equal to zero, Case 2 is equivalent to Case 1.

Case 3 makes another incremental step away from rational expectations. Agents
again learn according to constant gain least squares, and their initial conditions for
the learning matrices are equal to the rational expectations values, but agents are not
able to collect data on past shocks in order to use them as explanatory variables.

Case 4 assumes the agents have the same information set as Case 3, but the initial
conditions for the learning process matrices are different from the rational expecta-
tions solution. The initial conditions are set equal to constant gain least squares
estimates from pre-sample data. This is similar to how Milani (2007) initializes the
learning matrices, but he uses estimates from a first order vector autoregression using
ordinary least squares, which is consistent instead with a decreasing learning gain.
In this paper, the initial conditions for the learning process are consistent with the
constant learning gain which is estimated jointly with the other parameters of the
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model.
Equations (2.28) and (2.29) describe the least squares learning process with any
given learning gain, g;. When the learning gain is constant, repeated substitution of

these equations can show that the coefficient matrix is given by,

t—1 -1t
Py = (Z% (1 - g)t Xt—TXé—r> (Z% (1 - g)t Xt—TYt/—r> <2-34>

In the New Keynesian model with firm-specific capital, Y/ = [¢;_; Feooy Ty T 1),
and X] = [1 ¢_o ki o T o 71—2]. In this specification of the model, some of the
data agents use are not directly observed by the econometrician. Consumption is
expressed as percentage deviations from the steady state, and capital stock is not
directly observable. For a given estimate of the consumption to output ratio and
the steady state level of output, pre-sample data on aggregate consumption is put in

terms of the percentage deviation from the steady state according to,

A

Cy

_ CONS} —cyy”

*
CyY

: (2.35)

where ¢, is the steady consumption to output ratio, one of the New Keynesian model
parameters to be estimated, and y* is the steady state level of output which will be
calibrated, as discussed in the next subsection.

The inflation rate is directly observable by the econometrician, but to make solving
the New Keynesian model tractable, it was assumed in Section 2 that the steady state
inflation rate is equal to zero. Since this is unlikely to be the case in the data, let
7* denote the annualized steady state inflation rate, expressed as a percentage. Let
INF; denote the annualized quarterly inflation rate measured from CPI data. This

data is mapped to pre-sample data for m; according to,

1
= — (INF, — 7). 2.
Ty 400( t 77) ( 36)

The steady state inflation rate, 7*, will also be calibrated as discussed in the next

section.
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The interest rate in the model is also expressed as a deviation from its steady
state. The steady state real gross interest rate in the New Keynesian model is given
by 37! Let r* denote the annualized quarterly steady state interest rate so that
r* = 400(3~' — 1). Let F'F, denote data on the annualized quarterly federal funds
Rate. Pre-sample data on the federal funds rate can therefore be transformed to

pre-sample data for agents according to

1
7y =— (FF, —r"—7"). 2.37
t = 200 (F'Fy ™) ( )
Data for the U.S. capital stock is difficult to measure, but using the New Keynesian
model, data for percentage deviation of capital from its steady state level can be
composed from data on the deviation of investment from its steady state level. Recall

equation (2.15) describes the evolution of the capital stock in terms of the percentage

deviation from the steady state:
]%t+1 = (1 - (S)I%t + (5ft + (Sljt (238)

For a given initial value for k, in the pre-sample, a simulated path for the investment
shock, i;, and pre-sample data on the percentage deviation of investment from the
steady state, ft, a pre-sample series of k, can be constructed. Investment in the model
is expressed as a percentage deviation from its steady state. Similar to consumption
data, pre-sample data on gross private domestic investment can be transformed to

pre-sample data for I, according to,

p INVE—(1—c))y”
t 1 —cyy

(2.39)

where (1 — ¢,)y* is the steady state level of investment.
I suppose at the beginning of the pre-sample capital is equal to its steady state
value so that the pre-sample initial value for k, is set equal to zero. The investment

shock series is generated equation (2.18) given the variance of the investment shock,

2

o,

which is estimated along with the rest of the parameters of the model in the
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maximum likelihood procedure.

Pre-sample quarterly data is collected for 1954:Q3 through 1969:Q4 and is trans-
formed to pre-sample data for &, k;, 7, and 7 according to equations (2.35), (2.36),
(2.37), (2.38), (2.18), and (2.39). The initial condition for ®g is then computed using

equation for the weighted least squares procedure, equation (2.34).

2.4.3 Maximum Likelihood Procedure

I estimate the model by maximum likelihood following the Kalman filter procedure
outlined in chapter 13 of Hamilton (1994). This procedure involves rewriting the
model into state space form. The state equation is a linear equation describing the
entire New Keynesian model including the learning mechanism. The equations gov-
erning the state are the actual law of motion for x;, given in equation (2.33), and the
evolution of the structural shocks given in equation (2.25). Equation (2.33) can be

rewritten more compactly as,

2y = b + Fyo_1 + My, (2.40)
where vector b; and matrices F; and M, are given by,

by = Q5" (T+ G4) Gou,

F= 5" (1 + 2GY) |
My = Q5" [V +Qy (GiH, + H,A)

This equation can be combined with equation (2.25) into the single state equation,

xy = b + Fx} | +¢€f, (2.41)
where x} = [z} v}’ and,
F, MA
Ff = ,
0o A
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by = ,
0

" Mie

€ =
€t

The variance of € is given by,
MYM] MX%
Var(e) = ;
M, )y

where X is a diagonal matrix with the variance of the structural shocks along the
diagonal.

The observations equations are given by,

CONS} = cyy* + cy*c
INV; = (1= )y + (1 - o)y,
INF, =7 + 4007,

FF, = 4400 (r" + 1),

(2.42)

The likelihood is maximized with respect to the following vector of parameters,

@2:[770#0@/¢’Ypr¢y@przPLPgOZULJgUTg].

Several parameters are calibrated instead of estimated. The discount factor, (3, is set
equal to 0.9925 which corresponds to a steady state real interest rate approximately
equal to 3%. The depreciation rate, d, is set equal to 0.025 which corresponds to an
approximate annual depreciation rate of 10%.

The steady state level of inflation, 7%, is set equal to 3.67, the average inflation
rate over the entire pre-sample and sample period. The steady state level of output
y* is set equal to the average of CONS; + INV,* over the sample and pre-sample
period, which is computed to be y* = 14, 355. This is the average de-trended estimate

for real per-capita output, when considering only investment and consumption and
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ignoring other spending that contributes to real GDP such as government spending
and net exports.

Preliminary estimation results led to unreasonably low values for , the slope on
the Phillips curve that depends on the degree of price flexibility, and «, the capital-
share of income. Ireland (2004b) also reports difficulty in obtaining sensible estimates
for the Phillips curve slope using maximum likelihood, calibrates this parameter to
k = 0.1. Smets and Wouters (2005) in very rich New Keynesian with capital accu-
mulation report difficulty in estimating the capital-share of income and calibrate it
to a = 0.24. 1 follow each of these papers and use the calibrations.

Finally, data on total hours of labor is not used in the estimation procedure, so

the labor supply shock fi; is suppressed, which leaves p, and o, out of the estimation.

2.5 Results

2.5.1 Parameter Estimates

The parameter estimates for the four cases for expectations formation are given in

Table 2.1. In this subsection I look at each case in turn.

Case 1: Rational Expectations

The first two columns of Table 2.1 show the parameter results for rational expec-
tations. The parameter estimates for the sources of persistence are markedly low.
The estimate for degree of habit formation is n = 0.1060, the estimate for the de-
gree of price indexation is v = 0.3624, and the estimate of the degree of monetary
policy persistence is p, = 0.1945. These are quite small compared to much of the
empirical literature for dynamic macroeconomic models. For example, for U.S. data,
Smets and Wouters (2005) find a degree of habit formation equal to 0.69 and a de-
gree of price indexation equal to 0.66. Milani (2007) also predicts significant degrees
for these sources of persistence, but only when estimating his model under rational

expectations.
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Some empirical work finds similar evidence for weak sources of persistence. Ireland
(2004b) estimates by maximum likelihood a three equation New Keynesian model that
is augmented with sources of persistence for output and inflation and finds estimates of
these parameters statistically insignificantly different from zero. Cogley and Sbordone
(2005) estimate the Phillips curve side of the model and find a median estimate for the
degree of inflation indexation equal to zero. Despite the weak evidence for persistence
from habit formation and price indexation, the persistence in the structural shocks
in the model are all very significant. All these estimates are in excess of 0.9, and
strongly significantly different from zero.

The estimated intertemporal elasticity of substitution is approximately equal to
o = 0.1603, which is rather small compared to other findings. For example, Smets and
Wouters (2005) estimate the inverse elasticity equal to 1.62, implying the elasticity is
approximately 0.61. Giannoni and Woodford (2003) find a similar estimate of 0.66.
The estimate of this parameter may depend crucially on the assumed expectations
mechanism since it measures the response of current period consumption decisions
to changes in the expected real interest rate. This matter is further examined with
Cases 2, 3 and 4 below.

The point estimate for the inverse elasticity of labor supply is approximately
1 = 30.67 which implies labor supply is very inelastic. One place in the model this
parameter enters is in the evolution of capital stock implied by the optimal investment
decision, given in equation (2.17). This equation illustrates that large values for pu
imply relatively small responses in k; 1, and therefore current period’s optimal choice
for investment, to changes in expectations for future output and future technology
shocks. Due to the relationship of this parameter and expectations, the estimate of
this parameter is also possibly dependent on the assumed expectations mechanism.

The estimate for the cost of capital adjustment is equal to 7.68. This is relatively
close to the finding in Smets and Wouters (2005) and the calibration used in Woodford
(2005). Dividing every term in equation (2.17) illustrates that this parameter also
measures how responsive investment decisions are to changes in expectations. The
larger is the cost of adjusting capital, the less responsive is investment to changes in
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expected output, expected technology shocks, and expected investment shocks.
Finally the monetary policy parameters indicate a strong response of the Federal
Funds rate to expected inflation, ¥, = 2.1212, and virtually no response to the devia-
tion of expected output from its steady state, ¥, = 0.0000. The more than one-to-one
response of the Federal Funds rate to inflation is a common finding in the literature
using data during the Volcker-Greenspan period after 1982. Lubik and Schorfheide
(2004) find evidence that the response was smaller before this period, but since the
sample period for this paper begins in 1970, most of the sample is data from a period
where U.S. monetary policy is widely viewed as aggressively targeting inflation to
promote macroeconomic stability. The absent response to output is somewhat differ-
ent than what is found in the literature. Smets and Wouters (2005) use a more rich
specification for the Taylor rule and find a similar weak response to current output,

but a stronger response to lagged output.

Case 2: Learning with RE Initial Conditions

The next two columns of Table 2.1 show the results for learning when agents
expectations at the beginning of the sample are set equal to the rational expectations
solution, and agents use data on all the shocks to form their expectations, which is the
same information set for rational expectations. Rational expectations is the special
case when the learning gain, g, is equal to zero.

The point estimate for the learning gain for Case 2 is 0.0240 and is statistically
significantly different from zero, which implies significant statistical evidence to re-
ject the null hypothesis that expectations are rational. This is close to commonly
calibrated values in the learning literature, for example Primiceri (2006) uses a cal-
ibration equal to 0.015 and Orphanides and Williams (2005b) uses a value of 0.05.
This is also very close to Milani’s (2007) estimate of 0.018.

While constant gain learning implies that agents use weighted least squares with a
possibly indefinitely large sample, Evans and Honkapohja (2001) and Sargent (1999)
among others have suggested that constant gain learning should closely resemble
learning with ordinary least squares in which agents use a rolling window of approx-
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imately 1/g observations, since the additional weight given to a new observation in
such a framework is also constant and equal to g. With this interpretation of the
learning gain, the parameter estimate implies that agents look at data from the last
41.6 quarters, or almost 10.5 years.

Three parameter estimates, those for the intertemporal elasticity of substitution
(o), the inverse elasticity of labor supply (u), and the cost of capital adjustment (¢),
are very different from Case 1. All these parameters move in the direction that causes
consumption and investment decisions to be less responsive to changes in expecta-
tions. The estimate for the intertemporal elasticity of substitution is approximately
o = 0.0513 which is about one third the size of the estimate under rational expecta-
tions. This implies that learning leads to the prediction that consumption decisions
are less responsive to changes in the expected real interest rate.

The estimate for the inverse elasticity of labor supply is u = 0.0499, markedly
different from the estimate under rational expectations. This implies a very elastic
labor supply, and therefore a much smaller response in investment decisions to changes
in expected future output and technology shocks. The direction for this different
finding is intuitive. Given the finding that learning models predict agents decisions
are less responsive to changes in expectations, changes in investment decisions will
be less responsive if labor supply is elastic, since then firms can respond by changing
their hiring decisions with relatively small changes in the real wage.

The estimated cost of capital adjustment is approximately ¢ = 24.8826, much
higher than predicted by rational expectations. Since adjusting capital is relatively
more expensive, investment decisions are less responsive to changes in expectations
about output, technology shocks, and investment shocks.

Finally, this learning framework implies a lesser monetary policy response to ex-
pected inflation, and a larger response to expected output. The finding that monetary
policy is more responsive to output in the learning framework is related to Smets and
Wouters (2005) finding that monetary policy responds more to lagged output than
concurrent output. McCallum (1997) also argues that it is more realistic to sup-
pose the monetary authority only has information on lagged output. Under learning,
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agents collect information up through the previous period, therefore expectations of

future output depend completely on past data of output, not on current realizations.

Case 3: Learning with RE Initial Conditions and Unobservable Shocks

The next two columns of Table 2.1 show the estimation results when agents learn,
but with a more limited information set than Cases 1 and 2. In Case 3 agents do not
collect data on past realizations of structural shocks to use for explanatory variables
in their forecasts. For the first period in the sample, the coefficients on the remaining
explanatory variables are initialized to the rational expectations solution.

The estimate for the learning gain is approximately 0.0236 and is again statistically
significantly different from zero. This does not imply a formal rejection of rational ex-
pectations as before, since the rational expectations framework is no longer a special
case, but it does imply statistical evidence that expectations are adaptive. The esti-
mate for the learning gain implies that agents use approximately 42.4 past quarters
of data to form their expectations, or about 10.5 years.

Some notable differences in the estimates from the previous expectations frame-
works again include the intertemporal elasticity of substitution, the inverse elasticity
of labor supply, and cost of adjusting capital. The intertemporal elasticity of substi-
tution is even smaller than the previous two cases, which means this framework for
learning predicts an even smaller response of consumption decisions to changes in the
expected real interest rate.

The estimate for the inverse of labor supply is pu = 2.0877 which implies labor
is inelastic. This is still far below the estimate under rational expectations, but
much larger than the estimate under the learning framework in case 2. Therefore
when not supposing that agents observe structural shocks to form their expectations,
investment decisions are more sensitive to changes in expected future output relative
to when agents do collect data on structural shocks. When agents only use past data
on observable macroeconomic variables, current period shocks have no influence on
expectations, so agents forecasts should be less volatile. Given a less volatile series
for expectations, it is expected that an equivalent change in expectations should have
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a larger impact on agents’ decisions than with more volatile expectations that is
predicted when agents do observe shocks. Such an explanation is consistent with
the larger estimate for u, but possibly contradicts the finding that the estimate for
o is smaller. The estimate for the standard deviation of the preference shock is
much higher in Case 3 than Cases 1 and 2. This causes consumption decisions to be
more volatile which likely influences the estimate for the intertemporal elasticity of
substitution.

The estimate for the cost of adjusting capital is approximately ¢ = 26.83, which
is not significantly different than under case 2, but still significantly greater than the

estimate under rational expectations.

Case 4: Learning with Pre-Sample Initial Conditions

The final learning framework assumes agents have the same information set as
Case 3, but initial conditions for the learning matrices are set equal to weighted
least squares estimates obtained from pre-sample data. The estimate for the learning
gain is approximately g = 0.0381, which is slightly larger than the previous estimates.
This again suggests statistical evidence than expectations are adaptive. This estimate
implies that agents use approximately 26.25 quarters, or about 6.5 years, of past data
to form their forecasts.

The estimate for the elasticity of substitution is approximately o = 0.1220 which is
not very different than predicted under rational expectations. However, the estimate
for elasticity of labor supply and cost of adjusting capital tell a similar story as Case
2. Relative to rational expectations, this framework for learning implies investment

decisions are much less responsive to changes in expectations for future output.

2.5.2 Performance Comparison

The top part of Table 2.2 reports the in-sample root mean squared error (RMSE) of
the residuals, that is the one-period ahead forecast errors for consumption, invest-
ment, inflation, and the federal funds rate. The table shows no clear improvement

in performance by including learning in the model. The expectations framework
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that best described consumption and inflation is the learning model with observable
shocks. The framework that best describes investment is the learning model with
unobservable shocks. The framework that best describes the federal funds rate is
rational expectations, yet the RMSE for the federal funds rate is very close across the
first three cases. Case 4, learning with initial expectations based on pre-sample data,
is the worst performing model for consumption, investment, and the federal funds
rate; and is the second worst performing model for the inflation rate.

The bottom part of Table 2.2 shows the first-order autocorrelation for the squared
residuals. If the New Keynesian model is correctly specified, and accurately captures
the run-up of macroeconomic volatility in the 1970s and the subsequent decline after
1982, one would expect no autocorrelation in the residuals. Cases 1, 2, and 3 show
autocorrelation insignificantly different from zero for the volatility in consumption
and investment residuals. This suggests the New Keynesian model with firm-specific
capital can adequately explain the dynamics of these variables under learning or
rational expectations. However, in Cases 1, 2, and 3, the autocorrelation for the
volatility in the inflation rate and federal funds rate residuals are significantly positive,
which implies the models do not accurately capture the changing volatility in the data
for inflation or monetary policy.

These results flip for Case 4. Here there is insignificant autocorrelation in the
volatility for inflation and the federal funds rate residuals, but a higher degree of
autocorrelation for the volatility of consumption and investment residuals.

To better understand the relative performance of each expectations framework
over the sample period, Figure 2.1 shows the plots the each series of forecast errors.
Periods of recession in U.S. history are shaded. The number in parentheses is the
correlation of the series of forecast errors of the respective learning model with the
series predicted under rational expectations. The forecast errors for all four variables
for Cases 2 and 3 are highly correlated with rational expectations. The largest forecast
errors are made during the 1970s and early 1980s, a period many agree was marked by
excessive macroeconomic volatility. The largest forecast errors for the federal funds
rate are made just after 1980 when Paul Volcker became chairman of the Federal
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Reserve and began to aggressively counter-act very high levels of inflation.

The forecast errors under Case 4 are significantly less correlated with the rational
expectations case, but it tells the same qualitative story. The model makes the largest
forecast errors for consumption, investment, and inflation during the 1970s and early
1980s.

To get a further understanding of the relative performance of each model T next
examine how they compare in out-of-sample extended forecasts. To do this I first
estimate the model using the sub-sample 1970:Q1 through 1989:Q4, then use this set
of parameters to make out-of-sample extended forecasts for forecast horizons 1 period
ahead through 12 periods ahead for the remainder of the sample, 1990:Q1 through
2008:Q1. Figure 2.2 shows the RMSE’s for consumption, investment, inflation and
the federal funds rate for each of the four expectations frameworks. The horizontal
axis is the forecast horizon and the vertical axis is the root mean squared error. The
vertical axis is logarithmic in order for the RMSE’s for each expectations framework
to show nicely on each graph.

The results from Figure 2.2 show the rational expectations model performs nearly
as well out-of-sample as most of the learning models. The worst performing model
for investment, inflation, and the federal funds rate is Case 2, the learning model
arguably closest to rational expectations. Recall, in this framework agents include
data on structural shocks to form their forecasts, and expectations at the beginning
of the sample are set equal to the rational expectations solution. In this framework
the learning matrices, ®; and R; evolve with realizations of the shock processes. Un-
der rational expectations, agents expectations also depend on structural shocks, but
the learning matrices are constant throughout time, equal to the rational expecta-
tions solution. Out-of-sample forecasts for the structural shocks generate imprecise
forecasts for the learning matrices, and therefore poor out-of-sample forecasts. This
result would not be expected for a learning gain very close to zero. If the learning

gain were very small, the learning gain matrices would be very slow to evolve.
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2.5.3 Structural Shocks

Despite the similar performance of the four models for in-sample and out-of-sample
forecast errors, the choice for how expectations are formed makes a difference for
predictions for the structural shocks. Figures 2.3, 2.4, 2.5, and 2.6 show the impulse
responses to consumption, investment, inflation, and the interest rate for each shock
under each of the expectations frameworks.

Impulse responses for learning models depend on the values of the learning matri-
ces &, and R; at the time of the impulse. The impulse response functions computed
in this paper are for the state of the learning matrices at the first quarter of 2008,
the last period of the sample. If the learning matrices are not equal to the rational
expectations solution, then even in the absence of shocks the state variables evolve
as expectations converge to the rational expectations solution. Therefore, to expose
only the impact of the shocks, the plots in Figures 2.3, 2.4, 2.5, and 2.6 show the
difference between the evolution of the variables after the shock and the evolution the
variables would take in the absence of any shocks.

The figures show persistent impacts on consumption, investment, and the interest
rate from preference, technology, and investment shocks under rational expectations.
In Case 2 the shocks cause large, long lasting, oscillatory effects on investment, infla-
tion, and the interest rate. This oscillatory behavior is likely what causes the large
out-of-sample forecast errors for Case 2. The figures show when expectations are
initialized based on pre-sample data (Case 4), the responses to the four shocks also
cycle back and forth but are much more jagged, more volatile, but shorter lasting.

When agents do have data on structural shocks, the effects of structural shocks
can have opposite impacts as when agents do observe structural shocks. For example,
the first and second rows of Figure 2.3 show when there is a positive preference shock
and agents can observe the shock, and therefore recognize that it is temporary, the
interest rate increases in response to the increase in consumption and investment
decreases. In Case 3 where agents learn and do not observe the shock, the increase in

consumption demand causes agents to expect permanently higher consumption and
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therefore increase investment.

Figure 2.5 shows when there is a positive investment shock, in Case 2 there is an
increase in investment demand as agents expect investment to be more productive. In
Case 3, agents cannot view the shock and so do not initially expect investment to be
more productive. The shock does cause an unexpected increase in the capital stock
which decreases the marginal product of capital and therefore decreases the demand
for investment.

Figure 2.6 shows the impact of a contractionary monetary policy shock. In Cases
1 and 2 when agents observe the monetary policy shock, the demand for consumption
and investment decrease. When agents do not observe the shock, the stochastic be-
havior of the interest rate causes agents to alter their expectations for the behavior of
monetary policy. The supply for output increases causing an increase in consumption
and investment and a decrease in inflation. The negative response to inflation then
causes the monetary authority to actually decrease the interest rate after the initial
positive shock.

To understand how these impulse responses influence the predictions of the model,
Figure 2.7 shows the smoothed estimates* for the evolution of the structural shocks
over the sample period. Again, periods of U.S. recession are shaded and the number
in parentheses is the correlation of each shock with the prediction under rational
expectations. The evolution of the preference shock under Cases 1, 2, and 3 are all
very similar. In each of these cases the preference shock is near is lowest during the
1980 and 1981 recessions. Other than this instance, the preference shock seems to
have little correlation with onset of recessions. The same is not true for Case 4. The
preference shock under Case 4 is completely uncorrelated with the prediction under
rational expectations, and shows only small dips during recessionary periods.

The evolution of the technology shocks in Cases 3 and 4 are highly correlated
with the rational expectations prediction, but the Case 2 evolution of technology
shocks is completely uncorrelated. Recall from Figure 2.4 that in Case 2, technology

shocks cause long-lived oscillatory behavior in consumption, investment, and inflation,

4Kalman filter smoothing is computed using the techniques described in de Jong (1989).
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whereas under rational expectations and Case 3, the responses of these variables are
in one direction and long lived. Despite the lack of correlation in the technology
shock in Case 2, all cases have a similar qualitative story. All recessionary periods are
marked by low realization of the technology shock. The difference in Case 2 is that
the drop in the technology shock actually precedes the recessions, instead of dropping
during the recessions as in other cases. In fact from 1980 through 1982 the technology
shock is actually recovering in Case 2, but remaining low in all the other frameworks.

The evolution of the investment shock is very different among the four cases.
Under rational expectations, the recessions in the early 1980s are characterized by
large positive investment shocks. Recall from Figure 2.5 that a positive investment
shock under rational expectations causes a negative response to consumption and a
positive response to investment, inflation, and the interest rate. These responses are
consistent with the United States experience during the late 1970s and early 1980s,
a period marked by high unemployment and high inflation, and a time when the
Federal Reserve began to drastically increase the federal funds rate in response to
high inflation. The same is not true for Case 2. Figure 2.5 shows that consumption
responds positively to an investment shock, the initial positive response to investment
is much larger, and the responses to investment and inflation are shorter lived. The
evolution of the investment shock therefore looks somewhat different over the sample
period. The investment shock still reaches peaks during this time, but it is not as
dramatic as under rational expectations.

The evolution of the investment shock in Cases 3 and 4 are similar to each other,
but very different from Cases 1 and 2. Here the recessions in the early 1980s are
characterized by negative investment shocks. When agents do not use structural
shocks to form their expectations, Figure 2.5 shows that positive investment shocks
lead to a drop in inflation, a sustained positive response to consumption, and a
fall in the interest rate. The early 1980s were instead characterized by decreases
in consumption and increases in interest rates, therefore, the investment shock falls

during this period, which is the opposite of the finding in Cases 1 and 2.
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2.6 Conclusion

Constant gain learning is found to not significantly out-perform rational expectations
in the context of a standard Keynesian model that is extended to account for en-
dogenous firm-specific capital accumulation. Three different learning frameworks are
examined that differ based on the initial conditions for agents’ expectations and the
information set available to agents when making their forecasts. The models are esti-
mated by maximum likelihood and the results indicate that learning provides minimal
to no improvement in the fit of the model to U.S. data. When the learning procedure
is initialized using least squares estimation results from pre-sample data, the model
actually performs the worst as measured by in-sample forecast errors. Out-of-sample
extended forecast errors show the worse performing model is the learning framework
in which agents do have information on all structural shocks and expectations at the
beginning of the sample are set equal to rational expectations. Despite the mixed
results for the fit for the various models to the data, this paper does find a constant
learning gain statistically significantly different from zero in all cases, which implies
statistical evidence that expectations are not rational and are adaptive.

Impulse response functions and smoothed estimates of the structural shocks reveal
that each expectations framework provides very different explanations for the impacts
a structural shock can have and therefore each model predicts different evolutions
for the structural shocks over the sample period. The impulse response functions
show when agents learn and have data on structural shocks, there can be long-lived
oscillatory effects on consumption, investment, and inflation. When agents do not
observe the structural shocks, some of the impulse responses are reversed. These
different responses to structural shocks lead to different evolutions for the structural

shocks over the sample period, especially for the technology and investment shocks.
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Table 2.2: Model Fit Comparisons

Root Mean Squared Error
Case 1 Case 2 Case 3 Case 4

Consumption 110.6570  87.6595 106.8923 143.3313
Investment 99.9744 105.0477 87.0809 132.0726
Inflation 2.6073 2.4222 3.1500 2.9596

Federal Funds Rate 1.3661 1.3930 1.3714 1.9271

Autocorrelation Squared Error
Case 1 Case 2 Case 3 Case 4

Consumption -0.0048 0.0385 -0.0179 0.4449
Investment 0.0695 0.0925 -0.0297 0.3853
Inflation 0.2563 0.1517 0.4053 0.1026

Federal Funds Rate | 0.4491 0.3866 0.3717 0.0304
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Figure 2.1: Forecast Errors
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Figure 2.2: Out of Sample Multiperiod Forecast Errors
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Figure 2.3: Preference Shock Impulse Responses
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Figure 2.4: Technology Shock Impulse Responses
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re 2.5: Investment Shock Impulse Responses
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Figure 2.6: Monetary Policy Shock Impulse Responses
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Figure 2.7: Smoothed Estimates of Structural Shocks
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Chapter 3

Regime Switching, Learning, and the

Great Moderation

Abstract: This paper examines the “bad luck” explanation for changing volatility
in U.S. inflation and output when agents do not have rational expectations, but in-
stead form expectations through least squares learning with an endogenously changing
learning gain. It has been suggested that this type of endogenously changing learn-
ing mechanism can create periods of excess volatility without the need for changes
in the variance of the underlying shocks. Bad luck is modeled into a standard New
Keynesian model by augmenting it with two states that evolve according to a Markov
chain, where one state is characterized by large variances for structural shocks, and
the other state has relatively smaller variances. To assess whether learning can explain
the Great Moderation, the New Keynesian model with volatility regime switching and
dynamic gain learning is estimated by maximum likelihood. The results show that
learning does lead to lower variances for the shocks in the volatile regime, but changes
in regime is still significant in differences in volatility from the 1970s and after the

the 1980s.
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3.1 Introduction

Figure 3.1 shows plots of the U.S. output gap, the percentage difference between the
actual level of real GDP and potential GDP, and the inflation rate, as measured by the
annualized quarterly growth rate of the consumer price index. Aside from standard
business cycle fluctuations, the data exhibits prolonged periods of differing degrees
of volatility. Output and inflation are especially volatile during the 1970s and early
1980s, and there has been a subsequent decline in volatility since that period. Kim
and Nelson (1999a) estimate that since the first quarter of 1984, there has been a
permanently smaller difference between the growth rate of output during expansions
and during recessions.

Macroeconomics has had difficulty explaining this “Great Moderation”, as it has
come to be called. The leading explanations for the change in volatility fall into two
groups: good vs. bad monetary policy, and good vs. bad luck. Using a standard New
Keynesian model, Lubik and Schorfheide (2004) find empirical evidence of a change in
monetary policy from bad to good, occurring sometime between 1979 and 1982. They
find that prior to 1979, the Federal Reserve did not adjust the federal funds rate by
more than one-to-one with inflation, and therefore under rational expectations, the
equilibrium was indeterminate and the economy was subject to sunspot shocks which
led to greater volatility.

Many studies find that a change in monetary policy is not enough to explain the
change in volatility. Sims and Zha (2006) find that evidence that changes in U.S.
volatility is better explained by changes in luck than changes in monetary policy.
Using a structural vector autoregression model with minimal identification restrictions
so that it can possibly encompass many sorts of linear dynamic macroeconomic models
with a monetary policy rule, they find the best fitting model is one in which there
are no regime changes in the coefficients describing monetary policy or economic
behavior, and there are only regime changes in the variance of the exogenous shocks.
Stock and Watson (2003) similarly find that improved monetary policy accounts for

only a small part of the slowdown in macroeconomic volatility since 1984.
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A third explanation that is just recently receiving some attention in the litera-
ture is that expectations that evolve according to least squares learning can lead to
changing periods of volatility. Under least squares learning, agents do not know the
parameters that govern the economy. Not being able to form rational expectations,
they estimate least squares autoregressions using past data, and use this econometric
model to forecast future variables. Milani (2005) estimates a New Keynesian model
with least squares learning and when splitting the sample at the same dates as Lubik
and Schorfheide (2004), finds there is little evidence of a change in monetary policy
and estimates the federal funds rate did adjust by more than one-to-one with inflation
throughout the sample.

Primiceri (2006) demonstrates how learning on the part of the central bank can be
perceived as bad monetary policy. In an empirically founded model of unemployment
rate and inflation determination he shows how mis-perceptions by the central bank
about the natural rate of unemployment and the degree of persistence of inflation
led to a bad policy prescription during the 1970s, and therefore excessively volatile
unemployment and inflation. As time progressed and more data became available, the
Federal Reserve learned its mistakes and eventually provided better policy, leading
to a slowdown in macroeconomic volatility after the mid-1980s. Stock and Watson
(2003) provide some evidence for such an explanation when they demonstrate that
univariate least squares forecasts have been more precise during less volatile periods.

Unlike previous papers in the learning literature, this paper estimates a model
that combines the bad luck explanation along with learning to determine whether
learning leads to a different prediction on the amount of bad luck needed to generate
the changes in volatility seen in U.S. data. Previous papers in the learning literature
have allowed volatility to be affected only by learning dynamics, so it is not clear
whether these explanations trump the bad luck explanation. Changes in luck is
modeled by assuming the variances of exogenous structural shocks are determined
by a regime switching process with two states. One state is characterized by large
variances of the shocks and the other has relatively smaller variances. Being in the
volatile state is considered “bad luck” as the states evolve exogenously according to
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a Markov chain were the current state is only dependent on the previous state, and
the probabilities of switching between states is exogenous.

Agents do not have rational expectations, and are therefore completely unaware
of any regime switching processes. Agents do remain suspect that structural changes
may occur, but they do not have any knowledge about what types of structural
changes are possible, or any idea with what probabilities structural changes can oc-
cur. Expectations therefore evolve according to a process similar to the Marcet and
Nicolini (2003) framework where the weight agents give to older observations is en-
dogenous. Specifically, agents begin using a decreasing learning gain which consistent
with forming ordinary least squares forecasts and having no suspicion of structural
change. If recent forecast errors become larger than the historical average, agents then
suspect a structural change may have occurred and therefore increase their learning
gain, giving larger weight to current observations which are believed to have more
likely occurred after a structural break.

While a constant learning gain is theoretically capable of producing time vary-
ing volatility, in Murray (2008) I show in a New Keynesian model with no regime
changes that constant gain learning is not able to deliver dynamics of U.S. inflation
and output much better than rational expectations, and both frameworks especially
fail to explain the excess volatility of the 1970s. Milani (2007) simulates a model
using parameters estimated with U.S. data that includes the endogenously changing
learning gain similar to that suggested by Marcet and Nicolini (2003) and finds that
this type of learning can produce heteroskedasticity in output and inflation that ra-
tional expectations simulations cannot. Moreover, his estimates imply that during
most of the 1970s decade, agents suspected structural change and therefore used a
high learning gain.

This paper builds on Milani’s analysis by also allowing for recurrent regime changes
in the volatility of the structural shocks. Estimation of this model decomposes the
changes in volatility into changes in the volatility of structural shocks and endogenous
changes in the learning gain. The main finding is that learning indeed leads to much
smaller variances of structural shocks in the volatile regime. However, changes in
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regime are still significant and the learning frameworks and rational expectations
framework make similar predictions for the periods in U.S. history when the economy
was in the volatile regime. Despite the ability for learning to explain much of the
volatility, the change in the dynamic gain appears to play an insignificant role, and
the rational expectations model dominates the learning models in terms of its fit to
the data.

The paper proceeds as follows. Section 2 presents the New Keynesian frame-
work and regime switching process. Section 3 describes the learning process and how
constant gain learning and dynamic gain learning can generate time varying volatil-
ity. Section 4 describes the data and estimation procedure. Section 5 presents the

estimation results and interprets the findings, and Section 6 concludes.

3.2 Model

The crucial extensions of learning with an endogenously changing gain and a Markov
chain process for changes in volatility are incorporated into a standard New Keyne-
sian model of output and inflation determination and monetary policy. This section
describes the rational expectations version New Keynesian model and the next section
introduces learning in the linearized version of the model.!

There are a continuum of consumers types on the unit interval, and a continuum
of intermediate goods producers on the same unit interval. Each consumer type
has a specific labor skill that is only hired by the corresponding intermediate goods
producer. It is assumed there are a number of consumers of each type, so that no
consumer has market power over the wage, and that there are an equal number of
consumers in each type, so that relative output levels of intermediate goods do not
depend on the distribution of consumer types.

There is one final good that is used for consumption, and produced using all the

! This methodology is perhaps the most common means for putting learning into macroeconomic
models, but Preston (2005) demonstrates that since the least squares expectations operator does
not follow the law of iterated expectations, this method is not consistent with learning inherent in
the microfoundations of the model.
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intermediate goods. The intermediate goods are imperfect substitutes for each other
in production, therefore intermediate goods firms are monopolistically competitive.
Prices for intermediate goods are subject to a Calvo (1983) pricing friction where
only a fraction of firms are able to re-optimize their price every period, and the firms

fortunate to do so is randomly determined, independently of firms’ histories.

3.2.1 Consumers

Each consumer type has a specific labor skill that can only be hired by a specific
intermediate goods producing firm. Since each intermediate goods firm has a different
labor demand, wage income will be different for each consumer type. However, given a
perfect asset market, consumption will be equal across all consumers. Each consumer

type i € (0,1) maximizes utility,

> 1 _1 1 141
EoZﬁt ift (et — 7701:—1)1 7= ﬁnt(Z)H“ ’
t=0 o

subject to the budget constraint,

. 14r_ ) wy (1
¢ + bt(Z) = T;—tlbtil(l) + ;EL )

nt(l) + Ht — Tt.

Consumption at time ¢, given by ¢, is not indexed by individual type ¢ since it is
equal across all agents. The remaining variables include &;, which is an aggregate
preference shock, n;(i) and wy(i)/p; are the labor supply and real wage of individual
i at time t, respectively, by(7) is individual ¢’s purchase of real government bonds at
time t, r; is the nominal interest rate paid on government bonds, 7; is the inflation
rate of the price of the final good, II; is the value of profits earned by owning stock
in firms, and 7; is the value of real lump sum taxes. The preference parameters are
o € (0,00), which is the intertemporal elasticity of substitution, x € (0,00), which is
the elasticity of labor supply, and n € [0, 1), which is the degree of habit formation.
Habit formation is added to the model because it introduces a source of con-

sumption (and therefore output) persistence that has been found to be significant in
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rational expectations models. For example, Smets and Wouters (2005) estimate a
rational expectations New Keynesian model with numerous extensions for both the
United States and Euro area and find point estimates for the degree of habit for-
mation very close to unity. Furthermore, Fuhrer (2000) finds that habit formation
leads to “hump shaped” impulse response functions that can be supported by the
data. The importance of habit formation may not be so important when dropping
the assumption of rational expectations. Milani (2005) shows that under learning the
estimate for the degree of habit formation falls close to zero.

Log-linearizing the consumers’ first order conditions leads to the following Euler
equation,

A = Edir + 7 — By, (3.1)

where a hat indicates the percentage deviation of the variable from its steady state.?

Here, A is the marginal utility of real income, given by,

A 1
A G TG

{BnaEtétH — (14 Bn*)é + 0'77615_1} + (ft — ﬁnEtftH) . (3.2)

3.2.2 Production

There is one final good used for consumption and investment which is sold in a
perfectly competitive market and produced with a continuum of intermediate goods.

The production function is given by,

Y = {/01 yt(i)eo}dz} o , (3.3)

where g, is the output of the final good, y;() is intermediate good i, and 6 € (1, 00) is
the elasticity of substitution in production. Profit maximization leads to the demand

for each intermediate good,

Pt

y(i) = [pt(i)] K Ye, (3.4)

2A hat is omitted from inflation because it will be necessary to assume the steady state inflation
rate is equal to zero when log-linearizing the firms’ profit maximizing conditions.
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where p,(i) is the price of intermediate good ¢ and p; is the price of the final good.
Substituting equation (3.4) into (3.3) leads to a consumption price index that holds

in equilibrium,

Dt =

Aﬁmnlwqff (3.5)

Each intermediate good is produced according the constant returns to scale pro-
duction function y;(i) = (ne(i), where ¢; is an exogenous technology shock common

to all firms. Given a level of production y(7), firms choose labor demand to minimize

Wt (l)

7%@)- When labor markets clear, it can be shown that firm 7’s optimal

total cost
choice for labor leads to the log-linearized marginal cost of firm i equal to,
@my:%mn—x—(l+0@. (3.6)
0 ft
Summing equation (3.6) across all firms leads to the average marginal cost in the
economy,
%zlﬁ—&—<1+gé. (3.7)
H H
Firms’ pricing decisions are subject to the Calvo (1983) pricing friction, where
only a constant fraction of firms are able to re-optimize their in a given period. I
suppose that firms who are not able to re-optimize their price may adjust their price
by a fraction, 7, of the previous period’s inflation rate. Let w € (0,1) denote the
fraction of firms who are not able to re-optimize their prices each period. Since these
specific firms are randomly determined, w’ is the probability a firm will not be able
to re-optimize its price for T' consecutive periods. A firm who is able to re-optimize

its price maximizes the following present discounted utility value of profits earned

while the firm is unable to re-optimize its price again:

B3 oy M (PO ) —wheal}, 69

where W [y, 1(7)] is the real total cost function of producing y;,(7) units, given the
optimal decision for labor, and 7}, = H]T:1(1 +m4—1) is degree to which the firm’s

price is able to adjust according to inflation indexation. It can be shown that the
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first order condition for p;(i) combined with the final good price index, equation (3.5),

leads to the log-linear Phillips equation,

1 p(l—w)(l—wp) -
1+ 3 Y1+ BEmi1 + (i1 0) Wy (3.9)

Ty =

3.2.3 Fully Flexible Prices

To take this model to data on the output gap it is convenient to rewrite the model
in terms of the difference from the outcome in which there are no nominal rigidities.
Let v, = 4, — gjtf and A\, = \ — 5\{ denote the percentage deviation of output and
marginal utility from their fully flexible price outcome. Under fully flexible prices
the linearized Euler equation, (3.1), and marginal utility of income, (3.2), still hold.

Using these conditions and imposing goods market equilibrium condition implies,

S\t = Et/N\Hl + TA’t - Etﬂ-t-I—l - T’?, (310)

- 1
A G G

where 7' is the percentage deviation of natural interest rate from its steady state.

[ﬁUUEt?]tH —o(l+ ﬁnQ)?Jt + 077?;75—1} ; (3.11)

The “natural interest rate” is the interest rate that would occur under fully flexible

prices. I suppose that 7} follows the stochastic exogenous process,
e = paTioy t €ng, (3.12)

where €, is an independently and identically distributed shock.

When prices are fully flexible, w = 0 in the maximization problem given in equa-
tion (3.8). It can be shown in this case that the first order condition implies the
marginal cost is identical for every firm and always constant. Under fully flexible

prices equation (3.7) implies,
. 1., - 1 .
W =0=—g/ - X - <+1><t.
7 7
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One can solve this equation for ét and substitute that back into the equation for
marginal cost (3.7). Plugging this expression for marginal cost into equation (3.9)
yields the following Phillips curve in terms of the output gap,

_ 1 (1-w)(d-wh) .  «
_1+677m4+6&mﬂ+ R (Gr — o) | - (3.13)

Ty

While this expression for the Phillips curve is not subject to a structural shock, when
estimating the model by maximum likelihood it is convenient to have a shock here
to avoid the problem of stochastic singularity. The Phillips curve is amended with a

“cost-push” shock so the form that is estimated is given by,

M = (Vi1 + BEmr + K(f — phe) + (3.14)

1+ By

where k is the reduced form coefficient on the marginal cost and u; is an exogenous

cost-push shock that evolves according to,
Up = Pulli—1 + €y, (3.15)

where €, is an independently and identically distributed shock.

3.2.4 Monetary Policy

The nominal interest rate is determined jointly with output and inflation by monetary
policy. In this paper I assume the monetary authority follows a Taylor (1993) type

rule of the form,

Ty = prfi—1 + (1 — pp) (UnEymr + 0y Eefiign) + €y (3.16)

where p,. € [0,1) is a degree of interest rate smoothing desired by the monetary
authority, ¥, € (0,00) is the feedback on the interest rate to expected inflation,
Y, € (0,00) is the feedback on the interest rate to the expected output gap, and €,
is an independently and identically distributed exogenous monetary policy shock.
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3.2.5 Regime Switching

The bad luck explanation for why the United States experienced periods of excessive
volatility is that the variances of the structural shocks were larger during these pe-
riods. To model this explanation in the framework of the New Keynesian model I
suppose the variance of the natural interest rate shock €, ,, the cost push shock, €,
and the monetary policy shock €,, are determined by two states. Let state L, denoted
by sy, be the state where the shocks have low volatility, and state H, denoted by sy,
be the state where the shocks have high volatility.

The variances of the structural innovations in a given state are independently

normally distributed with mean zero and variances given by,

afL’L 0 0
0 0_3 L 0 ) lf St = L
0 0 U,%’L
Var [e(st)] = : (3.17)
07217H 0 0
0 o2y 0 |,itsg,=H
0 0 afyH

where €(s;)" = [€nt(5t) €ut(st) €-4(s¢)], and the variances in the high volatility state
are greater than or equal to the variances in the low volatility state.

The state s; evolves according to a two state Markov chain. Let p; € (0, 1) denote
the probability of staying in state j at time ¢, given the economy is at state j at time
t—1, for j € {L, H}. This implies that the probability of moving from state ¢ in ¢ — 1
to state j in time ¢, where 7 # j is given by 1 — p,; . The state then evolves according
to the transition matrix,

p. 1—po

p= . (3.18)
1—pu  pu

Let S, = [P(s; = L) P(s; = H)| denote the probability of being in each state at any
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given time ¢. The transition matrix assumes the state evolves according to,
EtSt-‘rl == PS{ (319)

Notice this regime switching framework makes the somewhat restrictive assump-
tion that all structural shocks are always in the same regime. A less restrictive
assumption would be that one or more shocks could be in one regime while one or
more others could be in another regime. Such a setup would require specifying a
transition matrix for each structural shock. If one assumed that the different shocks
transitioned between regimes independently of one another, this would introduce four
more parameters to be estimated. If one wanted to generalize the process so that there
is some dependence, this would involve even more parameters. To keep the number
of parameters to estimate tractable, and to avoid over-fitting the data, I assume that

all shocks are in the same regime in a given time period.

3.3 Learning

Instead of having rational expectations, agents form expectations by estimating least
squares regression models, where expectations of future output and inflation are given
by the forecasts from these models. Agents are assumed to have no knowledge of the
structural form of the economy, the parameters that govern the economy, or the
regime switching process. They do know the reduced form of the economy follows a
VAR(1) process, and they use this model and past data to form their forecasts.

The model in the previous section only allows for structural changes in the volatil-
ity in the shocks, and since the model is linearized, agents are indifferent to the addi-
tional risk. Even so, I suppose that agents suspect that structural changes of unknown
types are possible so they may decide to give more weight to recent observations in
their estimation procedure. One way to model this is to use constant gain learning,
which is consistent with agents using forecasts based on weighted least squares es-

timates, where the weights decline geometrically with the age of the observations.

98



With a constant gain, the weight put on the latest observation is always the same,
regardless of how much data the agents already have for their forecasts. One benefit
of this type of learning is that learning dynamics persist in the long run.

Authors such as Sargent (1999) and Evans and Honkapohja (2001) have suggested
that constant gain learning is a natural way to model expectations in a real world
where structural changes, perhaps large or small, are always possible. The drawback
of constant gain learning is that it implies agents always have the same level of
suspicion for structural changes, regardless of recent macroeconomic activity or the
size of recent forecast errors. If agents instead use ordinary least squares (OLS),
then the weight agents give to additional observations diminishes as their sample size
approaches infinity. Said another way, the learning gain decreases and approaches
zero as time approaches infinity, causing learning dynamics to disappear completely
in the long run. Learning with OLS also implies that agents believe structural changes
that should impact their decisions are impossible.

Constant gain learning can in theory lead to time varying volatility of expectations,
and therefore time varying volatility for output and inflation. This affect depends on
the size of the constant learning gain, but for empirically plausible values, this type
of learning fails to deliver very big effects. Williams (2005) finds this to be the case
in a simple model with simulated data.

Marcet and Nicolini (2003) suggest an alternative way to model dynamic expec-
tations. Instead of assuming that agents never suspect a structural change, as is
consistent with OLS, or assuming that agents always suspect a structural change
with equal likelihood, as is consistent with a constant gain, they take a mixture of
these methods where the learning gain changes endogenously. Suppose agents begin
with no suspicion of recent structural changes. As time progresses they form their ex-
pectations using a decreasing learning gain consistent with OLS. Agents will suspect
a structural change may have occurred if recent forecast errors are larger than histor-
ical averages. When this happens, agents switch to a larger learning gain, which puts
more weight on the most recent observations, ones that are believed to have more
likely occurred after a structural change. As long as forecast errors are large, the
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learning gain remains at this high point. When forecast errors start becoming small,
the learning gain decreases at a rate consistent with OLS. T explain in more detail
the endogenous learning gain process below, but first it is first necessary to explain
specific details of least squares learning in the framework of a dynamic stochastic

general equilibrium model like the New Keynesian model in Section 2.

3.3.1 Least Squares Learning

The log-linearized model in Section 2 can be expressed in the general form:
Qﬂmt = letfl —+ QQE:$t+1 -+ ‘IJZt, (320)

2 = Azi1 + €(8t) (3.21)

where E} denotes possibly non-rational expectations, z; is a vector of minimum state
variables, and z; is a vector of structural shocks. For the New Keynesian model,
xy = g m Ty S\t]’ and z; = [} u; €4)'. The minimum state variable solution of the

model implies the rational expectation for x;,; is given by,
Etxt-f—l = Gxt + HEtZt+1, (322)

where the elements of the matrices G and H are a function of the parameters of the
model and may be determined by the method of undetermined coefficients. Agents
that learn do not know the the parameters that govern the economy, but do use the
reduced form of the economy for their forecasting model. Agents’ information sets
are restricted only to past data on z;, so they are unable to collect data on past
structural shocks to estimate matrix H. Therefore, agents collect past data on x; to
form least squares estimates for the non-zero columns of G.

Agents do know what columns of G are equal to zero, and therefore do not use the
associated variables as explanatory variables in their regression. In terms of the New
Keynesian model in the previous section, the only non-zero column of G is that which

multiplies past marginal utility of income, A\t. When there is a positive degree of habit
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formation, not only are expectations of next period’s output important for consumers’
decisions, so is next period’s future marginal utility of income which involves a two
period ahead forecast for output. Since the only sources of persistence in the model
are on output (habit formation), inflation (price indexation), and the interest rate
(monetary policy smoothing), these are the only variables whose lags agents use as
explanatory variables.

The timing in which agents make expectations and decisions in a given period is
as follows. At the beginning of period ¢ agents wake up with data realized through
period t — 1. They collect this data and use the least squares estimate for G to make
forecasts for future realizations of variables such as output and inflation. Given these
expectations, agents consumption and pricing decisions are implemented and only
then do time t outcomes become realized. In the next period, these outcomes become
available as data to the agents, and the process begins again.

There is no constant term in the general form of the model, equation (3.20), or
in the rational expectation, given in equation (3.22), since all variables are expressed
in terms of percentage deviations from the steady state or flexible price outcome.
Since agents are not endowed with information about the parameters of the model,
it is realistic to suppose that agents also estimate a constant term in equation (3.22).
Let G denote agents’ time t estimate for the non-zero columns of matrix G' and a
column for a constant term so that G;‘ =[G CJ,{VZ}, where ¢, is the time ¢ estimate of
the constant term and GNZ is the time ¢ estimate for the non-zero columns of G.

If agents use OLS, then,

-1

Y 1 1 y . 7 1 =1 " ,
(Gt) = m;xT_le_l 16—717;'%7_11.7— ) (323)

where 7 = [1 2¥?] is the vector of explanatory variables agents use. Agents form

the expectation,

Et*l't+1 = f]t + étEt*xt = (I -+ GAt)QO,t + GA?.thl, (324)
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where Gy denotes the time ¢ estimate for G obtained from G’j with the zero columns
filled back in. The least squares estimate for G can be rewritten in the following
recursive form:

é: = GA::—l + g¢(T11 — éf—ﬂf—z)x:—zlfgfla (3.25)
Rt = Rtfl + gt(x;f,zx;:; — Rtfl), (326)

where g; = 1/(t — 1) is the learning gain.® The recursive form shows precisely how
expectations are adaptive. The term enclosed in parentheses in equation (3.25) is the
realized forecast error for the previous estimate G:_l. The degree to which agents
adjust their expectations depends on the size of this forecast error, the variance of
the estimated coefficients, captured by the inverse of matrix R;, and the size of the
learning gain, ¢g;. The larger is the learning gain, the more expectations respond to
the latest forecast error. When agents use OLS, g; approaches zero as time approaches
infinity. Under constant gain learning, g; remains at some constant level, g, so the
degree to which new observations can affect expectations is always the same.
Substituting the expectation in equation (3.24) into the structural form, (3.20),

leads to the following evolution for xy,
7= Q0 (1 + Ggos + Q" (U + 0G) w + Q' 0, (3.27)

where go, and G, are determined by the learning process in equations (3.25) and
(3.26).

This form illustrates how learning with a positive learning gain can lead to time-
varying volatility for z; even if with a constant variance for z;. Unlike standard
rational expectations models, the constant term and matrix multiplying z; | are
time-varying. The magnitude of these matrices depends on the size of the learning
gain and the size of agents’ forecast errors. Time variation in these matrices causes
time variation in the volatility of x;. Note this is true for any non-zero value for the

learning gain ¢g;. Even a constant learning gain can technically generate time-varying

’ ! —
3To show this, let R, = - 0" 2% 2% | and (G;‘) = Ry} (L Sl x:,zx;,l).

=1 T—1 2ur=1
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volatility, but time variation in the learning gain has been suggested by Marcet and

Nicolini (2003) and Milani (2007) to better explain such phenomenon.

3.3.2 Dynamic Gain Learning

Under a mixed learning framework, the learning gain g, decreases over time, but may
endogenously jump to a higher level when forecast errors are especially large. Let
a; = 1/g; be the inverse of the learning gain, which under ordinary least squares is

interpreted as the sample size. The learning gain is assumed to evolve according to,

N R é *
o — o1 + 1 if j gg ’xt —j ( )'rtfjfl‘ <l

2

«Q othervvlse

(3.28)

where n denotes the number of variables in the model, z;_;(v) denotes the vth element

of z;,_; and C\?;‘f (v) denotes the vth row of G, which is used to forecast variable

t—j»
v. The parameter J is the number of recent periods agents look at when deciding to
change their learning gain. Marcet and Nicolini (2003) assume J = 1, so that agents
may change their learning gain looking at only the most recent forecast error. I fix
J =8, so for quarterly data agents examine the forecast errors from the most recent
two years and adjust the learning gain if the average forecast error during this time
is too large. The variable v € (0, 00) is the threshold for how large the forecast errors
must be to induce agents to increase their learning gain. Similar to Milani (2007),

this threshold is set equal to the average size of forecast errors up through date ¢t — 1,

which is given by,

1 =1

=g 2 3 e (v) = G

Since forecast errors for each variable v is given as a percentage deviation from
the steady state or potential, they are added up over all the variables that agents
forecast. This learning mechanism can nest the special cases when agents always use

OLS or always use a constant gain. To restrict agents to always use OLS, 1, can be
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set to zero for all t. To restrict agents to always use a constant gain, v, can be set to
infinity for all ¢.

This learning mechanism introduces one additional parameter to estimate jointly
with the parameters of the New Keynesian model and regime switching process, the

threshold learning gain, g = 1/av.

3.4 Estimation

The model is estimated with quarterly U.S. data from 1960:Q1 through 2007:Q1 on
the output gap, as measured by the Congressional Budget Office, the inflation rate
of the consumer price index, and the Federal Funds rate. The model conforms to a
state-space representation with Markov-switching in the variance of the error term
and is estimated using the Kim and Nelson (1999b) technique for combining the
Kalman filter that evaluates a state-space model with the Hamilton (1989) filter for

evaluating Markov-switching processes.

3.4.1 Maximum Likelihood Procedure

The state side of the model is given by equations (3.27) and (3.21). Let GAP; denote
data on the output gap, I NF; denote data on inflation, and F'F; denote data on the

Federal Funds rate. The observation equations are given by,

GAP, = 100§,
INF, = 7" 4+ 4007,
FF, =r" + 7 + 4007,.

The state variables are multiplied by 100 to convert the decimals into percentages, and
the inflation rate and federal funds rate are multiplied by 4 to convert the quarterly
rates to annualized rates. The New Keynesian model assumes that the steady state
inflation rate is equal to zero, but since this is not likely the case in the data, the

annualized steady state inflation rate, given by 7*, is estimated along with the other
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parameters of the model. The steady state gross real interest rate is set equal to the
inverse of the discount factor; therefore r* = 400(1 — 1/4).

The log-likelihood is maximized with respect to the threshold learning gain, g,
the Markov-switching probabilities, p;, and py, the parameters of the New Keynesian
model, and the variances of the structural shocks for each regime. The discount
factor is not estimated but instead fixed to 8 = 0.99 which implies a steady state real
interest rate of about 4%. The elasticity of substitution between intermediate goods,
0, and the degree of price flexibility, w, appear multiplicatively in the Phillips curve
(3.13) and so only the reduced form coefficient, x, is estimated. Before revealing the
estimation results, it is first necessary to specify how initial conditions for the learning

process are set.

3.4.2 Initial Conditions

Aside from standard initial conditions for the Kalman filter and Hamilton filter, it
is necessary to specify initial conditions for the learning process given in equations
(3.25) and (3.26). How values are set for initial expectation matrices, go, GS, and Ry,
can have a dramatic effects on the estimation results. Despite this dependence, there
is little general consensus for how initial expectations should be specified.

Williams (2005) shows that using the rational expectations solution for initial
expectations produces nearly identical dynamics as assuming expectations are rational
throughout the sample. Given the model is E-stable, this result is not too surprising.
If the conditions for E-stability are met, under a decreasing learning gain consistent
with OLS, the model will converge to the rational expectations solution when in the
neighborhood of this solution.

Most initialization methods are therefore based on pre-sample evidence. Slo-
bodyan and Wouters (2007) estimate the rational expectations version of the model
on pre-sample data, and use the implied expectations as the initial condition for the
sample. Milani (2005, 2007) sets the initial conditions for the learning matrices equal
to VAR(1) estimates from de-meaned pre-sample data. Similarly, I estimate the ap-

propriate regressions with pre-sample data from 1954:Q2 through 1959:Q4. In the
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New Keynesian framework, agents estimate four regression models for the following
dependent variables: output gap, inflation rate, interest rate, and marginal utility of
income gap. Fach of these variables depends on lagged output gap, inflation rate, and
interest rate. The data must first be transformed into the same terms as the state

vector, ;. For the output gap, inflation rate, and interest rate this is done according

to: 1
Ut T ﬁGAPt
U’ ZfM)UNFt —7"),
Ty = m(FFt —r* —7").

Expectations for these first three variables in the state vector is found by esti-
mating a VAR(1) on [g; m; 7. Data for the marginal utility of income gap is found
by plugging into equation (3.11) data for the output gap, lagged output gap, and
expected future output gap predicted by the VAR(1). Expectations for )\ are then

found by regressing this simulated data on lagged [g; m; 74]'.

3.5 Results

To analyze how learning and regime switching in volatility are related, the New Key-
nesian model is estimated under rational expectations, constant gain learning, and
dynamic gain learning gain. Table 3.6 presents the parameter estimates for each case.
Under constant gain learning, the estimate for learning gain is essentially equal to
zero. This implies that expectations do not evolve through the sample. Even so, the
predictions under constant gain learning are not the as same rational expectations,
since the coefficient matrices agents use to form expectations are different. The ex-
pectation matrices for the learning case are initialized to pre-sample VAR(1) results,
which do not coincide with rational expectations. The estimated threshold gain under
dynamic gain learning has a very small point estimate, g = 0.0045, but it is statisti-
cally significantly different from zero. This implies that expectations do evolve over
time, but the rate at which agents learn is very small.

Comparing the standard deviation of the shock processes illustrates how expec-
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tations explain macroeconomic volatility. There is little difference in the predictions
for the volatility of the cost push and monetary policy shocks, but there is a sub-
stantial difference in the volatility for the natural rate shock. For both the low and
high volatility regime, the estimate for the variance of the natural rate shock un-
der rational expectations is almost twice as high as under constant gain learning,
and almost four times higher than under dynamic gain learning. This implies that
using the VAR(1) on pre-sample data to specify expectations explains much of the
volatility in output, but evolving expectations with dynamic learning gain explains
even more. The persistence of the natural rate shock is also somewhat larger under
rational expectations (p, = 0.8705), than under dynamic gain learning (p, = 0.7484)
or constant gain learning (p, = 0.6936).

Other parameter estimates that differ across models include the intertemporal
elasticity of substitution and the Phillips curve slope. The elasticity of substitution
is approximately ¢ = 0.0073 under rational expectations, ¢ = 0.2560 under dy-
namic gain learning, and o = 0.1824 under constant gain learning. This implies the
intertemporal consumption trade-off is much more sensitive to the expected real in-
terest rate with the initial expectations for the learning processes than under rational
expectations. Moreover, dynamic gain learning leads to an even higher estimate than
the zero constant gain, although the difference is not statistically significant.

The estimates for the Phillips curve coefficient reveals how learning dynamics can
alter the prediction for the degree of price flexibility. The coefficients under rational
expectations and constant gain learning are both very close to zero, which implies a
very small degree of price flexibility. However, under dynamic gain learning, the only
framework in which expectations are evolving, the Phillips curve coefficient is much
larger, implying a greater degree of price flexibility.

The Markov probabilities are very similar across the models. Both the low and
high volatility regimes are very persistent which implies changes in luck is still very
important in explaining changes in volatility in the sample, regardless of how expecta-
tions are formed. Figure 3.2 shows plots the smoothed estimate for the probability of
being in the high volatility regime throughout the sample for each of the three mod-
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els. The middle panel also shows the evolution of the dynamic learning gain during
the same time. All three models predict strong probabilities for being in each regime
for most of the sample. During the early 1970s, middle 1970s and late 1970s and
early 1980s, all models predict the economy was in the volatile regime, with brief re-
turns to the low volatility regime between these times. Since 1985, all models predict
the economy has remained in the low volatility regime. These results are consistent
with previous studies such as Kim and Nelson (1999a) and Justiniano and Pimiceri
(2006) which conclude changes in the volatility of exogenous shocks are significant in
explaining time-varying macroeconomic volatility.

The expected number of quarters the U.S. economy has spent in the volatile regime
can be found by summing the probabilities for each period over the entire sample
period. Doing so reveals the economy is in the volatile regime for an expected 7.77
years under rational expectations, 9.17 years under dynamic gain learning, and 12.26
years under constant gain learning. The greater number of volatile periods predicted
under the zero constant gain implies the initial conditions for expectations leads to
more volatile periods, and the smaller estimate predicted under dynamic learning
implies that evolving expectations may reduce the need for the number of volatile
periods. Since the dynamic learning gain is so small, expectations are very slow to
evolve, so this effect still does not outweigh the effect of the initial expectations.

The plot of the dynamic learning gain in the middle panel of figure 3.2 demon-
strates that while the learning gain was always, there was actually little movement
in the gain throughout the sample. Since the estimate for threshold learning gain
is so small, there is little it can move as time progresses. The plot indicates that
throughout the 1970s agents forecast errors were larger than the historical average
and began to decline since 1984. The learning gain again jumped at the end of the
2001 recession and remained at the threshold level until 2003.

Figures 3.3, 3.4, and 3.5 show the smoothed estimated paths of the natural rate,
cost push, and monetary policy shocks, with the probability of being in the volatile
regime superimposed. The volatility of all three shocks are significantly greater in
the volatile regime under each specification of the model. Comparing the natural
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rate shock paths shows again that rational expectations predicts much larger shocks
and greater persistence than the learning models. All models indicate recessions are
characterized by negative natural interest rate shocks, especially the recessions in
1974 and 1981.

The cost push shocks are very similar across models, with the largest shocks
occurring during the 1970s and early 1980s. The learning models predict somewhat
larger negative cost push shocks during the 1974 and 1981 recessions. The monetary
policy shocks are very small throughout most of the sample with the exception of
very volatile shocks during the recessions of 1974, 1979, and 1981.

Figure 3.6 shows the evolution of agents expectations for inflation and output
under learning and rational expectations. In each plot, the solid line represents the
smoothed estimate for the output gap and inflation, the dashed line represents expec-
tations under learning, and the dotted line represents what the rational expectation
would be with the New Keynesian parameters estimated for each learning specifi-
cation. The results show that under both learning models, the expectation for next
period’s inflation lags slightly behind the rational expectation. This is to be expected,
since learning expectations do not have access to information about the shock process
2, but rational expectations does. The expectations for inflation under dynamic gain
learning are especially close to rational expectations, while there is somewhat less
volatility for inflation under the zero constant gain.

The paths of expected output under learning and rational expectations are very
different. Under both learning frameworks the implied rational expectations are much
more volatile. Moreover, rational expectations over-estimate the output gap through-
out most of the sample, while the learning models lead to under-estimates of the
output gap for much of the 1970s and 1980s and small over-estimates during the
expansionary periods of the 1960s and 1990s.

Table 3.6 presents a number of criteria for comparing the relative fit of the three
models. The root mean squared error (RMSE) for the output gap, inflation, and
Federal Funds rate are all smallest under rational expectations, but only by a very
small amount. To determine if the three models adequately explain time-varying
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volatility, a first order autoregression is estimated on the squared residuals for each
model. Despite the regime switching process for stochastic volatility, the results
indicate the variance of the residuals is still significantly positively autocorrelated for
most of the cases, with the exception of the output gap under rational expectations,
and the output gap and inflation under constant gain learning.

Plots of the residuals in Figures 3.7, 3.8, and 3.9 show that the largest errors for
the output gap and inflation are made during the 1970s and early 1980s, and very
large errors are made for the federal funds rate as Paul Volcker begins his tenure as
chairman of the Federal Reserve. These failures of the model are typical for standard
New Keynesian models with rational expectations and no regime changes, indicating

these extensions still do not fully explain time-varying macroeconomic volatility.

3.6 Conclusion

Estimates of the New Keynesian model with dynamic gain learning and Markov-
switching volatility indicate that dynamic gain learning and expectations specified by
VAR(1) estimates on pre-sample data lead to much lower predictions for the variance
of the natural rate shock in the low and high volatility regimes, however changes
in volatility in U.S. history still depends on exogenous changes in the volatility of
structural shocks. Said another way, changes in luck is still an empirically important
explanation for time-varying volatility, but the degree of bad luck needed is smaller
under learning. Most of this decrease in bad luck, that is the decrease in the variance
of the structural shocks, is found to come from the specification of initial expecta-
tions, but some is explained by the time-variation in expectations predicted by the
dynamic learning gain process. Analysis of the smoothed estimate for the evolution
of the probability of being in the high volatility regime indicate the United States was
in the volatile regime during much 1970s and early 1980s, a finding which is robust for
rational expectations, constant gain learning, and dynamic gain learning. Nonethe-
less, under dynamic gain learning, expectations do evolve slowly over the sample and

agents have the largest learning gain during these same periods of U.S. history.
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Figure 3.1: Output Gap and Inflation
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Figure 3.2: Smoothed Probability in Volatile State
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Figure 3.3: Smoothed Estimate of Natural Rate Shock
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Figure 3.4: Smoothed Estimate of Cost Push Shock
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Figure 3.5: Smoothed Estimate of Monetary Policy Shock
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Figure 3.6: Agents’ Expectations
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Figure 3.7: One Period Ahead Output Forecast Error
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Figure 3.8: One Period Ahead Inflation Forecast Error
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Figure 3.9: One Period Ahead Federal Funds Rate Forecast Error
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Appendix A

New Keynesian Model with

Firm-Specific Capital: Derivations

A.1 Consumers

Consumers choose consumption, ¢;, labor supply, n;(i), and purchases of bonds, b;(7),
to maximize utility, given in equation (2.1), subject to the budget constraint, given

in equation (2.2). The first order conditions are,

At =& (ce —me—) @ — BB (e —nee)

. wWe (2
Dt
1+Tt
N = OE N 1—————
+ = BE, t+11+ﬂ_t+1

where )\; is the Lagrange multiplier for the budget constraint and therefore the

marginal utility of real income. Log-linearizing the first order conditions yields,

< 1 A A R . .
At = o(1— Bn)(1—n) {ﬁnEtCtJrl —(L+00°)é + 77th1} + (ft - ﬁnEt&H) (A1)
Wy(i) — pr = (i) — A + i (A.2)

S\t = Etj\tJrl -+ 'FAt — Etﬂ-tJrl (Ag)
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where a hat indicates the percentage deviation of the variable from its steady state.
Equation (A.2) will be referenced later to express equilibrium real wages in terms
of employment. Equations (A.3) and (A.1) together implicitly define the log-linear

Euler equation which determines consumers’ demand for final goods.

A.2 Producers

A.2.1 Final goods firms

The final goods firm chooses its demand for intermediate good ¢ to maximize profits,

_6
0—1

I = p {/01 yt(l)egldl} - /01 pe(8)y: (i) di

The first order condition leads to the demand for intermediate good i,

y(i) = [pt(i)] K Y- (A.4)

which is given in equation (2.7).

A.2.2 Input choices

Intermediate goods firms choose labor demand and rent capital to minimize real total
cost, given in equation (2.10), subject to the production function, given in equation

(2.9). The first order conditions are,

we(i) s Ye(i)
) = s (2 w(d)

where s;(7) is the Lagrange multiplier on the production function. The Lagrange
multiplier is interpreted as the change in the objective function from a marginal ease

in the constraint. In this case the objective function is total cost and the constraint

127



is total output, so the Lagrange multiplier is equal to the marginal cost.

Log-linearizing the first order conditions yields,
(i) = 8:(4) + 9e(2) — ke (2), (A.7)

Wi (i) — pr = 5¢(4) + G¢(3) — 1 (i), (A.8)

Combining these two equations to eliminate $;(i) and substituting equation (A.2) to

eliminate wages and prices leads to the expression for the rental rate of capital,

~

pe(@) = (u+ 1) (i) — ke (8) — A + f. (A.9)

The production function can now be used to express the rental rate of capital only

in terms of output and capital. The log-linear production function is given by,
0e(i) = 2+ aky(i) + (1 — )i (i), (A.10)

Solving equation (A.10) for n,(i) and substituting this into (A.9) yields,

. uw+1

pult) = T 0(0) =

1+ pos . 2 N + 1.
1 _:ua /{Zt<l) — )\t +/Lt - a Zt (All)

11—«

Solving equation (A.7) for §;(i) and using equation (A.11) to substitute out p;(7) leads

to the expression for marginal cost for firm 4,

14+ ap
11—«

ptly (A.12)

l—o

5:(1) = e (i) — l%t(l) - 5\t + fiy —

Summing over all the firms leads to the average marginal cost in the economy,

. atp. a(p+l)

p+1,
St t— 1—a

]%t — ;\t + ,Ebt - Zt (A13)

11—« 1l—«

Subtracting equation (A.13) from equation (A.12), leads to an expression for the

marginal cost of firm ¢ in terms of the average marginal cost and the firms relative
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output and capital stock,

a+ [
11—«

o+ [
11—«

$(i) = 8¢ + [9:() — 9] — (i) (A.14)

where k(i) = k(i) — k; is the relative capital stock of firm .

A.2.3 Capital goods firms

Capital goods firms maximize the utility value of profits, given in equation (2.16),
subject to the evolution of firm-specific capital stock, given in equation (2.14). Instead
of explicitly computing the profit maximizing choice of investment, one can solve the
evolution of capital for I;(7) and substitute this into the objective function. The first

order condition is,

e (Bt -] -

BE; Avtt [Lt+1ﬂt+1(i) +(1-90)+¢ (kt+2(i) - 1) kt“(?) - q; (kHQ(Z:) - 1)

L4 Kii1(9) k41(7) Kii1(9)
(A.15)
Log-linearizing this yields,
Mot ¢ (kea (i) = k(i) = BEdgr + [1 = B(1 = 0)] Evprea (i)
(A.16)

+5¢ (Et]%t-‘r?(i) - fft+1(i)) + iy — B(1 = 6) Eyligyr-
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Plugging equation (A.11) into (A.16) leads to the following equilibrium condition for

the evolution of capital stock for firm i:

At 6 (ke (i) = k() = B = 0) Exhra

+ (W) (4 DEGiis (6) = (1+ po)keas (1)) + 86 (Bikiga (i) — kiya (3))
(k+1)[1-B(1-=9)]

1= B~ 6)) By — s

EtZA’t_i_l + Zt - ﬁ(l - 5)Et2t+].'
(A.17)
Integrating equation (A.17) over all firms leads to the evolution of the aggregate

capital stock,

1-6(1-9)

11—«

o6 (s — ) = 01— &) B + ( ) (4 D Brfrs — (11 o]

(b+1)[1 -5 -9

11—«

+5¢ (Et]%t—&—Q - ]%t—i-l) -
+[1 =B = 0)] Erjiesr,

EiZeor + i — B(1 = 6) Eylpa

(A.18)
which is shown in equation (2.17) of the paper. Subtracting equation (A.18) from
equation (A.17) leads to following expression for firm 4’s capital stock in terms of the

aggregate capital stock,

6 (ki (3) = u(3)) = B (Bikera(i) — kiia(3))

(A.19)
+ [1—1552—5)1 [+ DE, (Ge1.(6) = Gen) — (14 pe) ke (7)]
A.2.4 Optimal pricing

The inflation indexation rule given in equation (2.20) can be re-written so that future
prices intermediate goods firms will charge while not being able to re-optimize their

price can be expressed in terms of the price chosen by the firm at time t. By repeated
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substitution of equation (2.20), the price at time ¢ + T of good i can be expressed as,

peyr (i) = pi(i) exp (7 i 7Tt+r> 5

7=0

For notational convenience, let 7, , = T4 7. ,. Substitute the demand equation,

(2.7), into the profit function, (2.19), to express the profit only in terms of the inter-

mediate good price, py(i), and aggregate state variables the firm cannot control:

B> () e {(“)) o — [(“)) y] } ()

T=0 P+ P+

The first order condition with respect to p;(7) is given by,

o f(i)ermier\ ' #(§)ermier\ 7 T
ES (wB)” AsT {(1 —0) (pt(z)e> + Osy7(1) (m()) } Yrr _ 0,

T—0 Y P+ Py i (Z)
(A.21)

where p;(7) is the optimal price for a firm that is able to re-optimize its price. Since
the first order condition cannot be rewritten in terms of inflation instead of prices,
it is necessary to assume prices have a steady state, which implies the steady state
level of inflation is equal to zero. Before log-linearizing, it is convenient to rearrange

equation (A.21) as,

00 * () VT 1-0
L0 S () M (p“) yoor —

T=0 Pi+T
(A.22)

* —0

00 . (5 6'y7rt+T

—0E, Z (Wﬁ)T )\t+T5t+T<Z) <pf()> Y+,
T=0 P+

then log-linearize each side of the equal sign separately. Log-linearizing the left hand
side and right hand size, respectively, yield,

(1=0)\E: > (wB)" P\t+T + GJerr + (1 - 0) (ﬁf(i) — Pryr + 77Tf+T)} , (A23)

T=0
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—0Aysk, Y (wB)" P‘tJrT + Yipr + Seer — 0 (ﬁ?(i) — D7 + 77Tt*+T” (A.24)

T=0
where ) is the steady state marginal utility of income, y is the steady state level
of output, and s is the steady state marginal cost. Steady state marginal utility
and steady output cancel out from the left and right hand sides. The steady state

marginal cost is found by evaluating the first order condition (A.21) where \; = A

and p;(i) = p, = p for all t. In the steady state equation (A.21) simplifies to,

( 1 )(1—9+9@y20_

1 —wp p

The steady state solution for s is given by,
§=——". (A.25)

The coefficient —6 s in equation (A.24) therefore cancels out with 1 — 6 in equation

(A.23). Combining the left and right hand side then yields,
B3 (8" [110) = e + 1717 = usn(9)] = 0 (A.26)
Solving for pj (i) yields,
5D = (1= wf) B S @0 [par —miyr +502@)] . (A20)

T=0

Substitute into equation (A.27), the log-linearized the demand for intermediate good
1 at time ¢ + T', which is given by,

Yar(i) = —0(p; (3) — Pegr + Y7l p) + Jegr (A.28)

and the marginal cost given in equation (A.14). This leads to an expression for the

optimal price for firm ¢ in terms of aggregate variables and the firm’s expected future
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capital,

Ny - 5 . . O+ 1) [ - .
pi(i) = (1 —wp)E Z (Wﬁ)T {pt+T — VT T St47 — (1_/1) [pt (1) = Pear + 77Tt+T] }
T=0

~-ap) B3 " { )

T=0

(A.29)

The solution of this equation for pj (i) is given by,

Ny - R . . Ya(p+1)-
) = (1-wd) B Y (B)” [p i wier - D )L (as0
=0
where »
l -«
Equation (A.30) can be rewritten as the first order difference equation:
pk (2 N R R ap+1)s .
(1) = wBED () + (1 - wd) (pt s Mmm) S (a8

where E;p;, (i) denotes the expectation at time ¢ for the time ¢ 4 1 optimal decision
for the firm’s new price, conditional that the firm is able to re-optimize its price again
in period ¢t 4+ 1. Note, this is not the same as the unconditional time ¢ expectation of
the firm’s price in period ¢ + 1. Since with probability w the firm will not be able to
re-optimize its price next period, the unconditional expectation for firm i’s price in

period t + 1 is given by,

Eipra(i) = w [pr (i) + yma] + (1 = w) Eipiy (0). (A.32)

A.2.5 Phillips Curve Solution

Deriving the Phillips curve when there is firm-specific capital is substantially more
complicated than a model without capital or with a perfect capital rental market.
Equation (A.31) shows that each firm’s optimal price will depend on its capital stock

relative to the aggregate capital stock. Since a firm’s capital stock is dependent on its
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entire investment history, the optimal price will depend on the firm’s entire history of
being able to re-optimize its price. The convenient result from the previous section
that each firm will choose the same price does not hold when there is firm-specific
capital and Calvo pricing.

Equation (A.29) implicitly defines the optimal choice for the price of intermediate
good 7 in terms of expectations of aggregate variables and the following expectation

of the firm’s future relative capital stocks:

o0

E > (wB)! k(i) (A.33)

T=0

To derive the Phillips curve, we must rewrite the above expression in terms of the
firm’s current capital stock, the current optimal price, and expectations of aggregate
variables. The optimal choice for l%tﬂ(i) in terms of expected future output is given in
equation (A.19). Substituting the log-linear demand for v, () into equation (A.19)
leads to,

6 (s (1) = k() = B (Bikpaa(i) — Fiia ()

(A.34)
- [1 —B(1-96)

1—a ] {O(M + 1) Eypiga () — (1 + ,uoz)/;:tﬂ(i)} .

where Py 1(i) = Pyy1(i) — Peyq is the relative price of intermediate good 7 in period
t + 1. The rational expectations solution for (A.34) must have the form,

]th+1(i) = ml%t(i) + npe(i), (A.35)

where m and n are determined by the method of undetermined coefficients in the
next subsection. For a firm re-optimizing their price, this equation can be rewritten

as

fft+1(i) = ml%t(z) + npy (i) — npe(i). (A.36)
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Substituting this into equation (A.33) shows that,

o0 [e.o] o

E > (wB) kpria(i) = mE Y (wB) ey (i) + Lﬁf(i) —nE > (wB)" Pryr.

=0 =0 1-wp =0

Multiply both sides of this equation by (w3) then add k(i) to both sides in order to
make the summation on the left hand side identical to the summation on the right

hand side. Doing this yields,

E, i (WB)T k(i) = wBME, i (wB)” &wGH%@(i)—wﬁnm i (WB)T Poyrtkali).
T=0 T=0 T=0

Solving this equation yields,

> N 1 whn .~ = T A
E Tk = (i) + ky(i) — wBnE .
3 ) i) = T |50 4 ) — BB 3 ) i
(A.37)
Substituting this into equation (A.29) and solving for p;(i) leads to the following
solution,
. > A . av(p+ 1)1 -wp); .
(i) = (1 — wB)E r — - i
pi(i) = (1 —wp) tTZ:O(Wﬁ) (pt+T 77Tt+T+VSt+T) (1—a)(1 —wpm) (1),
(A.38)
where,

O+ ) awpfn(p+ 1)
v [1—‘_ I—a (1—a)(1—wﬁm)]'

Equation (A.38) expresses the optimal price of intermediate good i solely in terms
of aggregate variables and the firm’s current relative capital stock. Since the capital
stock was chosen in the previous period, it is independent of whether or not a firm
is currently able to re-optimize its price. Therefore the average capital stock among
firms re-optimizing their price is equal to the average capital stock in the economy.
This implies that average value for l%t(z) over firms re-optimizing their price is equal

to zero. Let p; denote the average price among these firms. Equation (A.38) implies,

o0

B = (1= wB)E Y (wB)" (Brsr — ymir + virsr) - (A.39)

T=0
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This can be rewritten as the first order difference equation,

Py = wBEp; + (1 —wp) (pr +vé,). (A.40)

Substituting equation (A.39) into (A.40) to eliminate p; and Eip;,, leads to the

Phillips curve,

1 R
T = (1 T ﬁW) [’Vﬂ'tfl + BE T + I@'St} ) (A-41)
where,
(-0 -wp)
vw ’

A.2.6 Method of Undetermined Coefficients

This subsection uses the method of undetermined coefficients to compute the values
of m and n in equation (A.36) which must satisfy the optimality condition for capital

given in equation (A.34). Equation (A.34) can be rearranged as,
ki1 (1) = ky(3) + BEikeso(i) — CoEpre (i) — Gl (4), (A.42)

where (y and (; are given by,

O(p+1)[1—-51—=09)
¢(1—a)

Co =

(1+aop)[1-5(1-0)
¢(1—-a)

I begin by finding an expression for F;p,.1(i) in terms of l%t(z) and py(i). Using

=0+

equation (A.32), the expected relative price can be rewritten as,
Eipri1(i) = Eipria (1) — Epryr = wpe(i) + (1 — w)Et[)fH(i) — Eipria (A.43)

In order to express fiy,1 (i) only in terms of (i) and k, (i), we must next find a solution

for p;(i). According to equation (A.31), the rational expectation solution for p; (i)
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must take the form,

P; (i) = F(Pr, 51) + aky(i), (A.44)

where f(-) is a linear function of aggregate variables and a needs to be determined by
the method of undetermined coefficients. Let £; denote the set of firms re-optimizing
their price in period t. The average price of the firms who are able to re-optimize

their price is given by,

- 1 JPR L a =
5 = o [ B = Fs) + o [ R

1—w

Since l;:t(z) was chosen in period t — 1, it is independent of whether a firm is re-
optimizing its price. Therefore the average difference between a firm’s capital stock
and the aggregate capital stock among firms re-optimizing their price is equal to zero.
Therefore,

]5;; = f(ﬁta ‘§t)7

and equation (A.44) can be rewritten as,
(i) = py + aky(i). (A.45)
Advancing equation (A.45) one period and taking expectations yields,
Ep} i1 (i) = Bipyyy + ak (0), (A.46)

where E;p; ; is the expected average price over firms that can re-optimize their price
next period. This can be rewritten in terms of the expected aggregate price level.
Since a fraction w firms will not be able to change their price next period and the
remaining 1 — w firms will have an average price p; ;, the expected price level next
period is given by,

Etﬁt_H = wﬁt + (1 — w)Etﬁ:_i,-l' (A47)
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Solving (A.47) for Eyp;,, and substituting this expression into (A.46) leads to,

JU 1 . . ~ 4
Eypya (i) = 1—w (Epri1 — wpr) + akyyr (7). (A.48)

Substituting equation (A.36) for k.., (i) yields,

[ 1 . . ~ .
Epy, (i) = 5 (Eipey1 — wpy) + amky (i) — anpy(1). (A.49)

Plugging this into equation (A.43) leads to an expression for E;p;.q(7) in terms of

Pe(i) and &y(i),
Eea(i) = [w~+ (1 —w)an] pr(i) + (1 — w) amky (i) (A.50)
Next, using equation (A.36), the expected future capital stock is given by,
Eikypo(i) = m2ky (i) + mnpe(i) + nEypysq (1) (A.51)

Substituting equation (A.50) into equation (A.51) leads to an expression for Eyk, (i)
in terms of (1) and k, (i),

Eikyo(i) = [mz +amn (1 — w)} k(i) + [mn + nw + an*(1 — w)} pe(7) (A.52)

Plugging in equations (A.50), (A.51), and (A.36) into (A.42) leads to an expression for

capital of the form given in equation (A.36) where m and n must satisfy, respectively,
Bm’ + [Ban(l — w) — ¢ — Ga(l —w) = 1m+ 1 =0, (A.53)

Ba(l —w)n? + [Bm + Bw — § — (a(l — w) — 1] n — (w = 0. (A.54)

All that remains is to find an expression for a, also using the method of undeter-

mined coefficients. Substituting the expression for Ep;, ,(7) given in equation (A.49)
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into equation (A.31) and solving for p; (i) yields,

s 1 Ypa(p+1)\ - .
) = — _ TN

pi(é) 1 —wpfan <wﬁam (1—-a) «(0)

(A.55)
wp
B — wi . .
+(1 —w) (1 —wpBan) (Etpria = whe) + P + 1— wﬁanst’
which implies a must satisfy the quadratic equation,
1

wina® + (wpm —1)a — M =0. (A.56)

Equations (A.53), (A.54), and (A.56) make up a system of quadratic equations
that jointly determine the values for m, n, and a in terms of the parameters of the
model. Since this is a system of three quadratic equations, there are potentially eight
solutions, but these equations alone do not rule out economically infeasible outcomes.
Equations (A.35) and (A.50) can be rewritten as the following dynamic system:

0 _ m n ke (1) ' (4.57)

Eipriq(1) w+(l—w)an 1—w Pe(7)

The economically feasible solution for m, n, and a must be consistent with stable
means and variances of each firm’s relative capital stock and relative price. The
system is stable if and only if the eigenvalues of the matrix in equation (A.57) are

inside the unit circle. The eigenvalues are given by,

61:;<m+w—|—(1—w)an—|—\/[m+w+(1—w)an]2—4mw)

62:;(m+w+(1—w)an—\/[m+w+(1—w)an]2—4mw)

It is evident from these equations that e; > e;. Therefore both eigenvalues will be

less than 1 in absolute value if and only if e; < 1 and e; > —1. The condition on the
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first eigenvalue implies,

\/[m+w+(1—w)an]z—4mw<2—m—w—(1—w)an. (A.58)

Since the left hand side of the inequality is always positive, the left hand side must also
be positive. Therefore, squaring both sides preserves the direction of the inequality.

Doing this yields,

m+w+ (1 —wan]® —4mw <4 —4[m+w+ (1 —w)an] +4[m+w + (1 — w)an)?

(A.59)
This inequality does not preserve the restriction implied in (A.58) that the right hand
side be positive. Therefore (A.58) also implies

2—-m—-—w—(1—-w)an > 0. (A.60)
The inequalities (A.59) and (A.60) simplify to, respectively,
m<1—an (A.61)

m<1+4+(1—w)(l—an) (A.62)

The stability condition for the second eigenvalue is,

\/[m+w+(1—w)an]2—4mw<2+m+w+(1—w)an,

which simplifies to,
1—w
1+w

m>—1-— an (A.63)

Finally, the coefficients m, n, and a can be found by the solving the system of
quadratic equations (A.53), (A.54), and (A.56), subject to the inequalities (A.61),
(A.62), and (A.63).
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A.3 Market clearing

Goods market clearing implies total output of the final good is equal to aggregate

consumption plus aggregate investment,
Y = Ct + It-

Log-linearizing this yields,
G = cyé, + Ok, I, (A.64)

where ¢, is the steady state consumption to output ratio and £, is the steady state
capital to output ratio. The steady state capital to output ratio is found by combin-
ing the steady state first order condition for capital rental, given in equation (A.6),
and the steady state first order condition for investment, given in equation (A.15).
Evaluating equation (A.6) at the steady state and using the steady state marginal
cost, given in equation (A.25), yields,

Evaluating equation (A.15) at the steady state yields,

1=8(p+1-9).

Combining these equations to eliminate p leads to the following capital to output

ratio,
L Balo-1)
Y018+ p9)

Evaluating the goods market clearing condition, (A.64), at the steady state yields the

(A.65)

following consumption to output ratio,

¢y =1— 0k, (A.66)
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